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Abstract

In this paper, we consider and study a new class of system of variational inclusions called a system
of variational inclusions involving Cayley operator and Yosida approximation operator with XOR
operation. We have shown that our problem is equivalent to a fixed point equation. Based on fixed
point formulation, an iterative algorithm is designed to obtain existence and convergence result for
our problem.

Keywords: Cayley operator; Yosida approximation operator; XOR operation; Resolvent opera-
tor; Ordered Hilbert space

MSC 2010 No.: 49322, 47H05

1. Introduction

The variational inclusion problem is one of the most important and interesting generalizations of
the variational inequality problem. Rockafellar (1976) developed a proximal point algorithm for
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solving a classical variational inclusion problem. Since then, several algorithms have came into
picture; see, for example, Agarwal and Verma (2009), Verma (2009a), Verma (2009b), Verma
(2009¢), Verma (2007), Verma (2006), Lan (2009), Li (2012), and references therein.

Due to the fact that projection methods cannot be used to solve variational inclusion problems, the
resolvent operator methods came into the picture to solve them efficiently. It is also known that the
monotone operators in abstract spaces can be regularized into single-valued Lipschitzian monotone
operators through a process known as Yosida approximation (see Attouch (1984), Attouch et al.
(1991), Barbu (1976) and Schaefer (1974)).

The XOR operation & is a binary operation that is commutative as well as associative. The XOR
operation depicts interesting facts and observations and forms various real-time applications, that
is, data encryption, error detection in digital communication, etc.

Li (2008) introduced and studied nonlinear ordered variational inequalities. Later, many prob-
lems related to ordered variational inequalities were studied (see Li (2008); Li (2009); Li (2011a);
Li (2012); Li (2011b); Li et al. (2013a); Li et al. (2013b); Li et al. (2014a); Li et al. (2014b)). In
the recent past, Ahmad et al. (2018) proposed a new approach by introducing a novel mapping
called H(., .)-ordered-compression mapping. They also defined a resolvent operator and explored
its properties using the XOR operation. Additionally, they developed an algorithm specifically
designed for solving XOR variational inclusion problems. Furthermore, the study of ordered varia-
tional inclusions with XOR operations has gained significant attention in various research domains.
Very recent examples of this direction of research can be found in Ahmad et al. (2020) and Igbal
et al. (2022).

Motivated by the above discussion, in this paper we introduce a new system of variational in-
clusions called the system of variational inclusions involving the Cayley operator and the Yosida
approximation operator with XOR operation. To solve this problem, we propose an iterative algo-
rithm based on the fixed-point formulation. Through this algorithm, we conduct a comprehensive
convergence analysis for the aforementioned problem.

2. Preliminaries

Let H be a real ordered Hilbert space with the usual norm ||.|| and the inner product (., .). Let X be
a cone in H. The partial ordering induced by cone R is denoted by “<”. We denote by C(#), the
collection of all compact subsets of 7 and by 2%, the collection of all nonempty subsets of /. The
Hausdorff metric on C'(H) is denoted by D(.,.). For any two arbitrary elements = and y of #, we
denote (ub{z,y} for the set {x,y} by = V y. Suppose that lub exists for the set {x, y}. Then, the
operation denoted by @, called the XOR operation, is defined by z ® y = (x — y) V (y — x). The
elements x and y are said to be comparable to each other if and only if z < y or y < x and we
denote it by = o< y.

From Li (2008), Li (2009), Li (2011a), Li (2012), Li (2011b), Li et al. (2013a), Li et al. (2013b), Li
etal. (2014a), and Li et al. (2014b), it can be found that H is an ordered Hilbert space equipped with
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partial ordering “<” induced by the cone N. For any elements z,y,v,u € H, the XOR operation
has the following properties:

) zdy=ydzx, xdz=0,

(ii) let 7 be a real number, then (7x) @ (1y) = |7| (z ® y),

(i) if x oc O, then —x 0 <z < x P 0,

iv) 0 <x Py, ifr x vy,

(v) if z oy, then x & y = 0 if and only if x = y,

Vi) (z+y)@wtu)2@dv)—(Yeu) V(@odu) - (yov),
(vii) [[0& 0] = [|0f| = 0,
iii) @yl < e — yll,

(ix) if z < y, then ||z @ y|| = ||z — y]| .

Moreover, given a mapping A : H — H and a multivalued mapping mapping M : H — 27, we
define several specific types of mappings. A is called {-order non-extended mapping, if there exists
a constant & > 0 such that for all z,y € H, the inequality {(x @ y) < A(x) @ A(y) holds, A is a
comparison mapping if = o y, implies A(z) < A(y), © < A(z) and y < A(y), forall z,y € H,
A is a strongly comparison mapping, if A is comparison mapping and A(x) « A(y) if and only
if x oc gy, forall z,y € H. M is a weak-comparison mapping if for v, € M(x), x  u,, and
x  y, there exists u, € M (y) such that u,  u,, forall z,y € H, M is a a4-weak-non-ordinary
difference mapping with respect to A if it is a weak comparison and for each z, y € H, there exists
ay > 0and u, € M(A(x)) and u, € M(A(y)) such that (u, ® u,) & as(A(z) & A(y)) = 0,
M is called p-order different weak-comparison mapping with respect to A, if there exists p > 0
and for all z,y € H, there exists u, € M(A(x)), u, € M(A(y)) such that p(u, — u,) x z — y..
Finally, a weak-comparison mapping M is called (cv 4, p)-weak ANODD if it is an o 4-weak-non-
ordinary difference mapping and p-order different weak-comparison mapping associated with A,
and it satisfies [A + pM| () = H, ensuring the image covers the entire space #. Let A be &-
ordered non-extended mapping and M is a4-non-ordinary difference mapping with respect to
A. The generalized resolvent operator R% , - H — H associated with A and M is defined as
Ry (z) = [A+ pM]™'(z), forallz € H, p > 0, the generalized Cayley operator C}! : H — H
is defined as C)/ () = [2RY , — A] (z), for all = € H and the generalized Yosida approximation
operator Y7 : H — H is defined as Y/ (z) = - [A—RY ] (), forallz € H.

3. Formulation of the Problem and Convergence Analysis

Let H be a real ordered Hilbert space. Let G, F' : H — C(H) be the multi-valued mappings
and f,9,¢,A,B : H — H, S,T : H x H — H be the single-valued mappings. Let M, N :
H — 2% be the multi-valued mappings. Let C% , be the generalized Cayley operator and Yﬁj be
the generalized Yosida approximation operator. We consider the following system of variational
inclusions involving the Cayley operator and the Yosida approximation operator with the XOR
operation.
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Find z,y € H,u € G(x),v € F(y) such that

0e S (Vi (x) @OAP x),v) + M (f

0€T (uy—q(y) & N (g(y)). M

Lemma 3.1.

The elements x,y € H,u € G(x),v € F(y) are the solution of a system of variational inclusions
involving Cayley operator and Yosida approximation operator with XOR operation (1) if and only
if the following equations are satisfied:

f(o) =RY, [A(f(2)) — pS (ViL(x) @ CY,(2),v)] , 2)
9(y) =Ry, [B(9(y)) & T (u,y — q(y))], 3)

where p > 0 and v > (0 are constants.

Proof:
Suppose =,y € H,u € G(x),v € F(y) satisfy (1). Then,

f(x) = Ry, [A(f(2)) = pS (YAl (z) © CY(2),v)] ,
9(y) = Ry, [B(9(y)) ® T (u,y — q())]
& f(x) = (A+ pM) -1 [ f(x)) —pS (YA,p(x) &) C%p(az),v)} ;
9(y) = (B+vN)"" [B(g9(y) ®1T (u,y — q(y))]
& A(f(@) +pM (f(x)) = A(f(x)) = pS (Y, (x) ® CL(2),v)
( (y))+7N( (y)) = B(9(y) T (u,y — q(y))
& 0eS(Vi(x)®Cl (x),0) + M (f(x)),
€T (u,y— ( ))& N (9(y)) - n

Applying Lemma 3.1, we suggest the following iterative scheme for solving (1).

Algorithm 3.1.

For any given xg,y0 € H, choose ug € G(xg),v0 € F(yo), and compute the sequences
{zn},{yn}, {un} and {v,} by the following scheme:

Tpr1 =Tp — f(z,) + R%p [A (f(zn)) — pS (Yﬁ)(xn) &) C%p(xn), vn)} , 4)
Yni1 =Y — 9(Yn) + RE . [B (9(n)) B VT (tn, Y — q(yn))] - (5)

Let uy+1 € G(2p41) and vy, 11 € F(yn41) such that

||un - Un+1|| <D (G(xn)a G(xn-i-l)) ) (6)
”UTL - UTL-H” <D (F(yn)7F<yn+l))7 (7)

where p > 0 and v > 0 are constants, andn =0,1,2, - - -.
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Theorem 3.1.

Let H be an ordered Hilbert space. Let the mappings f,g,q, A, B:H — H, S, T : H X H — H,
G,F:H — C(H)and M, N : H — 2% fulfill the following conditions:

(i) The mappings f, g are strongly monotone mappings with constants d; and d,, respectively
and Lipschitz continuous with constants Ay and ), respectively.
(ii) The mappings ¢, A and B are Lipschitz continuous with constants A\;, A4 and Ap, respec-
tively.
(iii) Let A be &;-ordered non-extended mapping and B be &;-ordered non-extended mapping.
(iv) The mappings F' and G are D-Lipschitz continuous with constants Ap, and Ap,, respec-
tively.
(v) The mapping S is Lipschitz continuous in both arguments with constants A\g; and Ag9, re-
spectively.
(vi) The mapping 7' is Lipschitz continuous in both arguments with Lipschitz constants A7, and
A9, respectively.
(vii) Let M be (a4, p)-weak ANODD mapping and N is (a g, v)-weak BNODD mapping.

Let R} and R} satisfy

1
RAM,p(x) & RAM,p(y) S m(w S y)7 for all T,y € Ha (8)

the generalized Cayley operator C% ,» 18 Ac-Lipschitz continuous, and the generalized Yosida ap-
proximation operator Yj‘ffp is Ay-Lipschitz continuous. Suppose z,, X z,41 and y,, X Y11, N =
0,1,2,---, CY (x) oc CY (y), YA%(x) oc Y3 (y), for all z,y € H. Suppose that the following
conditions hold:

0 <K(f)+ Pi(0)Aars + Pi(0)pAsi (Ay + A¢) + Pa(0)yArmiAp, < 1, )
0 <K(g) + P2(0)ApAg + Po(0)yAr2 (14 Ag) + P1(0)pAsaAp, < 1, (10)

WheI'CK(f) = 1/1 —2(5f—|—)\2, K(g) = w/l —25g—|—>\§, Pl(e) = m, PQ(H) = m,
Ay = HAabileap=l) - 24Aa&i(eap—1)

péi(aap—1) 7 &1(aap—1) )
(x,y,u,v), and the sequences {x, }, {y,},{u,} and {v, } generated by Algorithm 3.1 converges to

x,vy,u and v, respectively.

, Qo > % and ag > % Then, problem (1) has a solution

Proof:

Using (4) of Algorithm 3.1, property (iv) of XOR operation, and Lemma 3.6 of Li et al. (2013b),
we have

Published by Digital Commons @PVAMU, 2024
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0<zpy1 P, = [l’n — flzn) + RAMW [A (f(xy)) — pS (Y/{\?p(a:n) D C’%p(xn), vn)ﬂ
D [2n-1 — f(@no1) + R%p [A(f(zn-1)) — pS (Yﬁ@n—l)
@C%p@n 1) 0n-1)]]
= [(zn = f(@n)) ® (Tn-1 — fan-1))]
+ RAP [ (f(xn)) — pS (Yé\ffp(mn) & C'%p(xn),vn)]
b RAp [A(f(zn-1)) = pS (Ya(n1) ® CYy(n-1), Vn-1)]
< [(@n — flzn)) & (xn 1= f(@n-1))]
+ Pi(0) [(A(f(2n (YA Tn @CA,)(%) Un))
69(f1(f($n—1))—'PS'(YAﬁ(xn—l)G9(Z&p($n—&),vn—1))}' (11)

Using property (viii) of XOR operation, from (11), we have

|21 @ 20l < |l f(wn)) <xn 1= f@a))|
+P(0) || (Al — pS (Vi1 (xn) © CY(20),v0))
— (4 (f(xn—l)) — ps (VA% (@n1) ® CF(zn1),vn 1)) |
< (@0 = @ne1) = (F(@n) = f@a)) | + Pu(O) [1(A (f(z0)) — A(f(wn 1))
—P (S (Yx‘Jl\,/I/)<x") @O%p(x”)’vn) - S(YAp(x” 1) EBCAP Tn—1 ’U” 1))”
< (@0 = 20m1) = (F(@n) = F@a))| + PiO) 1A (f(20)) — A (f(zn1))l

+ P (0)p HS (Yﬁ(mn) e} Cﬁ‘({p(xn), vn) - S (Y%(zn,l) D C’A,p(xn,l), ”un,l) H .
(12)

Since f is strongly monotone with constant d; and Lipschitz continuous with constant Ay, and
using the technique of Ahmad and Usman (2009), we have

(1= 287 + A2) [0 — 20|,
K(f) lzn — 2ol (13)

(20 — 2n-1) — (f(zn) — f(Tn1 |
which implies  |[(x, — z,_1) — (f(xn) — f(2n1))||

where K (f) = /1 —25; + 7.

As z,1 x x, for all n, using property (ix) of XOR operation, (13) and Lipschitz continuity of f
and A, from (12), we have

<
<

21 = 2l < K() ll2n — 2nall + Pr(O)Aads [l2n — 20|

+ Pi(0)p HS (Yf‘\?p(xn) D C%p(a:n),vn) - S (Y%)(xn,l) D C%p(xn,l),vn,l) H )
(14)

https://digitalcommons.pvamu.edu/aam/vol19/iss4/2
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Using the Lipschitz continuity of .S in both arguments and D-Lipschitz continuity of F', we have

18 (V2 @) @ CHL(wa), 0a) = S (Yih (1) © O (1), 00 |
= {15 (V25 () @ CX (), vn) = S (VAL () & O (), 0a1)
+5 (Yz‘{\i}(x”) © Cﬁ/{p(w”)’vn—l) -5 (Yf{\i’(x”—l) © O%p(x”—l)wn—l) H
<||S (YAL(zn) & CY (2n),v0) — S (Yal(zn) & CY(20), var) ||
18 (V2 ) ® CHL(0a), vat) = S (VAL (5-1) © O farn-1), n) |
< Asa [lon = vaca ||+ s | (VA () © Ol () = (Vi (w0mr) @ Ol ()|
< A2 D (F(yn), Flyn-1)) + Asi || (YA (2a) @ CH (@) = (Vi (wn-1) © CH(n)) |
< X520, [[Yn = Yol + Ast || (VAL (zn) & CF(20)) — (CA (@ne1) @ YA (z0))|| . (15)

Now, using property (vi) of XOR operation, we have

(nyp(xn) D C%p(xn)) — (C%p(xn_l) & Yj\fp(xn_l)) V (Yj\?p(xn) &) in,(xn_l))
- (C%p(x”—l) © Ci‘l/{p@”)) < (nyp(ﬁ”) + C%p(x”—1>) D (C%p(x”> + Yz‘%)(l‘”—l)) :
(16)

We know that if ub{z,y} < z, then z < z and y < z. Thus, from (16), we deduce that

(Yﬁ(mn) & C%p(xn)) — (C%p(xn,l) D Y%)(xn,l))
< (YAl (2n) + CY (201)) & (CF(2n) + VAT (20-1)) - (17)

From (17) and property (viii) of XOR operation, we have

1 (Y25 (@) @ CE(wn)) = (CH (1) @ Yil(za)|

< || (Yap(@a) + Cp(@n1)) = (C(wn) + Vi (@n-1)) |

< [ (Va(wa) = Yag(@n)) + (Cly(@n) = O (wn) |

< |Yao(za) = Yai(zas) | + [|CX,(20) = Cipfan-) |

<Ay 20 = znall + A [len = 20l

= Ay + o) [|zn — zn-1]| - (18)

Using (18), (15) becomes

1S (VA% (xa) © CX(xn), vn) — S (YAl (2n-1) & CY,(2n1), vno1) |
< A2, [y — Yn—1ll + Ast Ay + Ae) ||2n — zn-a]] - (19)

Combining (14) and (19), we have

|41 — @al| S [E(f) + Pr(0)Aads + Pi(0)pAst (Ay + Ao)] (|20 — @]
+ Pi(0)pAsaApy |Yn — Yn—1]| - (20)

Applying (5) of Algorithm 3.1, property (iv) of XOR operation, and Lemma 3.6 of Li et al. (2013b),
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we have

0 < Yns1 @ Yn = [Yn — 9(Wn) + RE, [B(9(yn)) & VT (tn, yn — 4(un))]] & [Yn-1 — 9(Yn—1)
—HQ%7 (B (9(Yn-1)) ® VT (tn—1,Yn-1 — ¢(Yn-1))]]
<Y — 9(Yn) © W1 — 9(Yn1))] + [Rgv [B (9(yn) & T (tn, Yy — q(yn))]
ORE (B (9(yn-1)) ® VT (tn—1,Yn—1 — q(Yn-1))]]
<[(Wn = 9Wn) ® Yn-1— 9(¥n-1))] + P2( ) [(B (9(yn)) & VT (n, Yn — q(yn)))
D (B (9(Yn-1)) VT (Un—1,Yn-1 — q(Yn-1)))] - 21)

Using property (viii) of XOR operation, from (21), we have

Y1 ® Ynll < (W0 = 9(Wn)) & (Yn-1 — g(Wn-1)) Il + Po(0) [[(B (9(yn)) YT (tn, Yn — q(yn)))
S (B (9(¥n-1)) © T (Un—1,Yn-1 — q(Yn-1)))ll

< Wn = 9(Wn) = Wn—-1 = (-1l + P2 (0) [|(B (9(yn)) & VT (s yn — q(¥n)))
— (B (9(yn-1)) (Un—1,Yn—1 = q(Yn-1)))|

®~T
< [ = yn-1) = (9(yn) = 9(n-2))ll + P(0) (B (9(yn)) & YT (tn, Yn — q(yn)))
- (B (g(yn—l)) @’7T (un 1 Yn—1 — (yn 1)))” : (22)

Since g is strongly monotone with constant o, and Lipschitz continuous with constant )\, using the
same technique as for (13), we have

(1 — 20, + )‘3) 9n — yn—1||2 )
K () 1Yn = ynll (23)

(W = Yn1) — (9(yn) — 9(yu1))|I* <
which implies  [|(yn — Yn—1) — (9(yn) — g(yn_l))H <

where K (g) = /1 — 205 + A2,

Since g and B are Lipschitz continuous with constants A\, and \p, respectively, using the same
arguments as for (18), we have

H( ( (yn))@’VT(umyn_ (yn))) - (B (yn 1))@7T(un,1,yn,1 (yn 1)))”
< [[(B(9(yn)) + T (Un—1,Yn-1 — ¢(yn-1))) & (YT (tn, Y — q(¥n)) + B (9(Yn-1)))ll

< [[(B(9(yn)) + 7T (un—1,Yn-1 — ¢(yn-1))) = (VT (tn, Y — q(¥n)) + B (9(Yn-1)))ll
<|[B(9(¥n)) = BgWn-1 )l + YT (tn, Y — ¢(yn)) = T (-1, Yn—1 — q(yn-1))|l

< ABAg [Yn = Ynall + Y I T (s Yn — @(Yn)) = T (tn—1,Yn—1 — q(Yn-1))| - (24)

Using the Lipschitz continuity of 7" in both the arguments, the Lipschitz continuity of ¢, and D-

https://digitalcommons.pvamu.edu/aam/vol19/iss4/2
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Lipschitz continuity of GG, we have

1T (tns Y — a(yn)) = T (Un—1, Yn—1 — q(Yn—1))||
ST (tny Yo = @) = T (U1, Yn — ¢(Yn)) + T (U1, Yn — q(Yn))
=T (unfla Yn—1 — Q<ynfl))H
<T (tny Yo = @) = T (U1, Yn = g+ 1T (U1, Y — q(yn))
=T (un—la Yn—1 — Q(yn—l))H
< Azt [[un = tna |l + A2 [[(Yn — a(¥n)) = (-1 — q(yn-1))|
< Art ([un = tna |l 4+ Ara [[yn = ynall + la(yn) — a(yn-1)|l]
<A D (G(xn), G(wp-1)) + A2 [[Yn = Yn-1ll + A2 Aq [|Yn — Yn-1 ||
< A1ADg |20 — Zoa |l + (Ar2 + Ar2Ag) 190 — Y]] - (25)
Using (25) in (24), we have
(B (9(yn) VT (tn, Y — a(yn))) — (B (9(yn-1)) & VT (Un-1, Yn-1 — q¢(yn-1)))|
< (ABAg + YA12 + Y A7) Y0 — Ynall + YA ADG 20 — 20| - (26)
AS Y11 X y, for all n, from (22), (23) and (26), we have
Y1 — ynll < [K(g) + P2(0)ApAg + Pa(0)yAr2 (1 + A] [Yn — Y|
+ Py(0)y A g |20 — Tna]| - 27
Adding (20) and (27), we have
[Zn+1 = Zall + [[Ynr1 = yall S K(f) + PO)Aads + Pi(0)pAsi (A + Ac)
+P(0)yAr1iADe] (|20 — Tna|
+ [K(g) + Pa(0)ApAg + Pa(0)yAr2 (1 + Ag)
+P1(0) pAs2ADe] [|Yn — Yn1]l

<0 (6) | llzw = 2acill + o = vl . 28)

where 7 () = max{ [K(f) + Pu0)Aads + P(0)prsi Ay + Ae) + Po(0)v A1 An,] |
[K(9) + Pa()AnA, + Po(0)72r> (14 A) + Pi(0)pAsaAn, ] }.

By (9) and (10), it follows that 0 < 1 (f) < 1, and thus (28) implies that {x,,} and {y, } are both
Cauchy sequences in . Therefore, there exists z,y € H such that z,, - x and y,, — y asn — oo.

Now we prove that u,, — u € G(x) and v,, — v € F(y). In fact, it follows from the D-Lipschitz
continuity of GG, F' and from Algorithm 3.1 that

|tns1 — Ul < D(G(2ni1), G(7n)) < Apg (| Tns1 — Tn| (29)

[ont1 = onll < D (F(yn11), F(yn)) < Aoy [Ynsr = vall - (30)

From (29) and (30), it is clear that {u,} and {v,} are also Cauchy sequences in . Thus, there
exist u, v € ‘H such that u,, — w and v,, — v as n — oo.
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Further,

d(u, G(x)) < [Ju = un| + d(un, G(2))
< lu = un|| + D(G(zn), G(x))
< |lu —un|| + Apg ||Tn — z|| = 0, asn — oo,
which implies that d(u, G(x)) = 0. Since G(x) € CB(H), it follows that v € G(z). Similarly,

we can show that v € F(y). By continuity of f,g,A4,B,S,T,G, F,q, R} , Y} C}  RY_ and
Algorithm 3.1, we have

=
2
I

RY [A(f(x)) = pS (VA% (2) @ CY (x),0)] |
9(y) = B3, [B(9(y)) & T (u,y — q(y))].

It follows from Lemma 3.1 that (x, y, u, v) is a solution of the problem (1). =

4. Numerical Example

The following example is presented in support of the main result and shows the convergence by
using MATLAB R2021a.

Example 4.1.

Let H = R with usual norm and inner product.

(1) Let S, T : H x H — H be single-valued mappings such that

3r 2y
S(Jf,y) = % + Ea
2v y

Then, for any x1, xo2,y € ‘H, we have

I1S(z1,y) — S(z2,y)|| = ‘

that is, S is Lipschitz continuous in the first argument with constant A\g; = % It is easy to

check that S is Lipschitz continuous in the second argument with constant \gs = %.

Similarly, one can show that 7" is Lipschitz continuous in both arguments with constants

Ar1 = 75 and Ag; = 7, respectively.

https://digitalcommons.pvamu.edu/aam/vol19/iss4/2
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(ii) Let G, F' : H — C(H) be multi-valued mappings such that

60 ={5 1}
- {2)

3v_3yf |13y 3w
23 23||"[|23 " 23

Now for any z,y € H, we have

D (Gle), 6(0) < ma ||

|

3
= o max {lo =yl |y — (|}

< eyl
— |l —
—6 y?

that is, GG is D-Lipschitz continuous with constant A\p_, = é.

Similarly, it can be shown that £ is D-Lipschitz continuous with constant Ap,_ = é.
(iii) Let A, B, q : H — H be single-valued mappings such that

Afw) =,
B(x) ==,
q(z) Z%I-

Then, for any =,y € H, we have

4@) - Al = [ - 2]

e ol
= — || —

7 y
<l =y
— |l —
=% Yl

that is, A is Lipschitz continuous with constant A4 = % It is easy to check that A is ;-
ordered non-extended mapping with the constant {; = %

Similarly, one can show that B is Lipschitz continuous with constant Az = % and &-ordered
non-extended mapping with constant {;, = %, and ¢ is Lipschitz continuous with constant

A =1

(iv) Let M, N : H — 2% be multi-valued mappings such that
M(z) = {3z},
N(z) ={2x}.

For p = 7 it is clear that M is (a4, p)-weak ANODD mapping with a4 = 3.

For v = 5 it is clear that N is (v, 7)-weak BNODD mapping with ag = 2.

Published by Digital Commons @PVAMU, 2024
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(v) Let f, g : H — H be single-valued mappings such that

x
f(x) _§’
2z
g() T
It can be easily shown that f is Lipschitz continuous with constant A\; = % and strongly

monotone with constant 6y = }L; and g is Lipschitz continuous with constant A\, = % and
strongly monotone with constant d, = %
(vi) In view of the above calculation, we obtained the resolvent operators R% p and Rgﬁ such that

_ 1
RY(x) = [A+ pM] ™ (1) = oo,
_ 5
Ry (0) =B+ N () = 2o
Now, for any =,y € H, we have
1 1
M M _
Ry ,(x) ® Ry ,(y) =577 D o1
1
—ﬁ(f DY)
7
< —
<55(* ®),
that is, R} ) satisfy condition (8) with P; () = &(Tlp—l) = L.
In the same manner, one can show that R} _ satisfy condition (8) with P(0) = oo = 3.
(vi1) Using the value of R% , calculated in step (vi), we obtained the generalized Cayley operator
as
—1
M M
Ci(z) = 2R, — A] (2) = OTRG

Then, for any z,y € H, we have

1
e @) - )l = o e~

< L fla—y

— l’ R

=70 Yil

that is, C'}"  is Lipschitz continuous with constant A = % = 2.

(viii) Using the value of R% p calculated in step (vi), we obtained the generalized Yosida approxi-
mation operator as

1 2
YM(x)=~[A—-RY = .
A,p('r) P [ A,p] (il?) 147.1'
Then, for any x,y € H, we have
2
YA (z) = YAL ()| = w |z =yl
S
[ :E J—
=140 Yyl

https://digitalcommons.pvamu.edu/aam/vol19/iss4/2
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. M . . . . o 1+/\A§1(06Aﬂ_1) _ 11
that is, Y3, is Lipschitz continuous with constant Ay = (el = o

(ix) Using all the values of constants calculated in the above steps, conditions (9) and (10) of
Theorem 3.1 are fulfilled.

Thus, all the conditions of Theorem 3.1 are satisfied and the problem (1) admits a solution
(x,y,u,v). Subsequently, the sequences {z,}, {yn}.,{u,} and {v,} generated by Algorithm 3.1
converge to x, y, u and v, respectively.

Now, from Algorithm 3.1, we have

16982788
Tpi1 = T — f(2) + R%p [A (f(zn)) — pS (Yﬁ,(mn) P Cﬁ{p(xn),vn)] = mxm
104007

and i1 = Yo = 9(yn) + B, [B(9(9n)) © 1T (un, Yo = 4(yn))] = 753519

Table 1 and Table 2 show the numerical values of {z,} and {y,} for different initial values, re-
spectively.

Table 1. Computational results for different initial values of .

No. of zg = 1.0 No. of o = 2 No. of g =4

iterations In iterations Tn iterations Tn

1 1.0000 1 2.0000 1 4.0000
2 0.6626 2 1.3252 2 2.6503
3 0.4390 3 0.8780 3 1.7560
4 0.2909 4 0.5818 4 1.1635
5 0.1927 5 0.3855 5 0.7709
10 0.0246 10 0.0492 10 0.0984
15 0.0031 15 0.0063 15 0.0126
20 0.0004 20 0.0008 20 0.0016
25 0.0001 25 0.0001 25 0.0002
26 0.0000 26 0.0001 26 0.0001
27 0.0000 27 0.0000 27 0.0001
28 0.0000 28 0.0000 28 0.0001
29 0.0000 29 0.0000 29 0.0000
30 0.0000 30 0.0000 30 0.0000

In Figure 1 and Figure 2, we show the convergence of {x,,} and {y,,} with different initial values
using MATLAB R2021a, respectively. In Figure 3, we plot a combined graph for {z,} and {y,}
for the initial value zy = yy = 4 by using MATLAB R2021a.

5. Conclusions

In this paper, we study a new class of system of variational inclusions that involves the Cayley
operator, the Yosida approximation operator and the XOR operation. It is established that a system
of variational inclusions involving the Cayley operator and the Yosida approximation operator with
the XOR operation is equivalent to a fixed-point equation. We propose an iterative algorithm based
on this fixed point formulation to obtain an existence and convergence result for a “system of
variational inclusions involving the Cayley operator and the Yosida approximation operator with
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Graph for different initial values of X,

Figure 1. The convergence of {x, } with initial values g = 1, zo = 2 and g = 4.
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Table 2. Computational results for different initial values of yg.

No. of yo = 1.0 No. of Yo =2 No. of yo =4
iterations Yn iterations Yn iterations Yn

1 1.0000 1 2.0000 1 4.0000
2 0.7308 2 1.4616 2 2.9231
3 0.5340 3 1.0681 3 2.1361
4 0.3903 4 0.7805 4 1.5610
5 0.2852 5 0.5704 5 1.1408
10 0.0594 10 0.1189 10 0.2377
15 0.0124 15 0.0248 15 0.0495
20 0.0026 20 0.0052 20 0.0103
25 0.0005 25 0.0011 25 0.0022
30 0.0001 26 0.0002 26 0.0004
35 0.0000 27 0.0000 27 0.0001
36 0.0000 28 0.0000 28 0.0001
37 0.0000 29 0.0000 29 0.0000
38 0.0000 30 0.0000 30 0.0000

Figure 2. The convergence of {yx } with initial values yo = 1, yo = 2 and yg = 4.

Graph for different initial values r.rfyru
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Graph for initial value of Xg:¥o = 4.0

¥y

o 5 10 15 20 25 30 35 40 45 50
n—

Figure 3. The convergence of {z, } and {y, } with initial values zq, yo = 4.

XOR operation.” Our results may be extended to higher-dimensional spaces and may be used for
practical purposes by other scientists.
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