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Abstract

Cryptography and coding theory are the important areas where Maximum Distance Separable
(MDS) matrices are used extensively. The Pascal matrix plays vital role in combinatorics, matrix
theory and its properties provide interesting combinatorial identities. Pascal matrices also have a
wide range of applications in cryptography. In this paper, we define Pascal-like rhotrix, and
further, we construct MDS Pascal-like rhotrices over finite fields.
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1. Introduction

Rhotrices have been studied more frequently in last few years due to their implementation in other
fields such as engineering, coding theory, cryptography, etc. The focus is to identify the
relationship between rhotrices and some other fields in algebra. Ajibade (2003) was the first one
who defined the rhotrix along with the operations of addition, scalar multiplication and
multiplication. The heart-oriented multiplication of rhotrices is given by Ajibade and another
method of multiplication of rhotrices is row-column multiplication of rhotrices, which is discussed
by Sani (2004). Sani (2007) generalized the row-column multiplication for high dimensional
rhotrices. Sani (2008) represented the rhotrix in the form of coupled matrices. This representation
of a rhotrix is useful in cryptography to improve the security of cryptosystems. The theoretical
development of rhotrices and various properties of rhotrices are discussed by Absalom et al.
(2011), Aminu (2009), Mohammed (2011) and Sharma et al. (2012-2015, 2017). Aminu (2012)
and Tudunkaya (2013) have studied the system of equations in the case of rhotrices and
polynomial rhotrices. An algorithm for heart-oriented multiplication of rhotrices for computing
using machines is discussed by Mohammed et al. (2011). Sharma and Kumar (2013) have
introduced MDS rhotrices and Gupta et al. (2022) block rhotrices in the literature. Different types
of rhotrices such as Vandermonde rhotrices, Sylvester rhotrices, Cauchy rhotrices, circulant
rhotrices, Hankel rhotrices, Toeplitz rhotrices, MDS rhotrices and their properties are given by
Sharma et al. (2013, 2015, 2017-2020). MDS matrices are studied in the literature by Nakahara
and Abrahao (2009), Sarkar and Habeeb (2016, 2017). MDS matrices are derived from Reed-
Solomn codes and due to their diffusion property, they are major components of many ciphers
such as AES, Two fish & various hash functions as discussed in Alfred et al.(1996). Therefore,
the construction of MDS matrices plays significant role for cryptographic algorithms. MDS
matrices are constructed by Gupta and Ray (2013) and Sajadieh et al. (2012). As rhotrices are
combination of two coupled matrices, therefore MDS rhotrices may double the security of the
cryptosystems. The construction of MDS rhotrices using Toeplitz rhotrices are given by Sharma
and Gupta (2017).

Pascal matrices have attracted the attention of many researchers because their properties provide
many combinatorial identities and are used for the decomposition of matrices. Neamah (2023)
proposed an image encryption scheme using Pascal matrix. The applicability of the Pascal matrix
motivated us to introduce Pascal-like rhotrices for the algebraic development of the subject as well
as to establish a bridge between rhotrix theory and other mathematical fields. In the present paper,
we define the Pascal-like rhotrix and construct MDS Pascal-like rhotrices over finite fields.

2. Preliminaries

In this section, we give preliminary results which are used in the subsequent sections. Gupta and
Ray in 2013 gave a result related with MDS matrix which states that a square matrix M is an MDS
matrix if and only if every square sub-matrix of M is non-singular. That means, all the entries of
an MDS matrix must be non-vanishing. On the same analogy, Sharma et al. 2013, proved that a
rhotrix R,,41 over GF(2™) with all non-zero entries is an MDS rhotrix iff its coupled matrices C
of order n + 1 and D of order n are non-singular, and all their entries are non-zero.

https://digitalcommons.pvamu.edu/aam/vol19/iss3/9
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3. Main Results

In this section, we define a Pascal-like rhotrix over finite fields. Further, we construct Maximum
Distance Separable Pascal-like rhotrices over finite fields F,n and F3n.

Definition 3.1
i
A Pascal-like rhotrix of dimension n is defined as P = (C,D), where C=|y ' |, i,j=
i+jc
1,2,...,tand D=y |, i,j =1,2,...,t — 1, where y is the root of irreducible polynomial

n+1
over [Fp,n and t = -

3.1 Construction of Maximum Distance Separable Pascal-like Rhotrices over Finite Field
]an

Theorem 3.1
Let R =< C, D > be a Pascal-like rhotrix of dimension 5 whose coupled matrices C and D over
i+j i+j

Fonaredefinedas C =y ' |, i,j= 1,23andD=|y |, i,j = 1,2; where y is the

root of an irreducible polynomial over [F,». Then, C and D form an MDS Pascal-like rhotrix Rs for
n = 3.

Proof:

Let C and D be the coupled matrices of a Pascal-like rhotrix R which is given by

Cl[]
Cl2](11  bajiy - CM2]
Ry =( C[3]1] DI2]l1] CI2](2] D{j[2] CcHj3] ). (3.1.1)
CI31[2]1 Di2][2] C12][3]
CI31[3]
i+] ‘ i+] ‘
Since C=|y '|, i,j=123and D=y ', i,j= 1,2. Therefore, C and D are

given by

Published by Digital Commons @PVAMU,
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2 v: oyt 2 3
C=1y® y® y°landD = [)/3 y6]'
yt p10 420

Case 1: Forn = 3, let y be a root of the irreducible polynomial y3 + y + 1 = 0. Then,

Y2 y+1 yi+y
C=|y+1 y?+1 y+1|. (3.1.2)

Yi+y y+1 y2+1
Now, determinant(C) = y% + 1 # 0. Also,

y:  y+1

= , 3.13
y+1 y?+1 (3-13)

and determinant (D) = y? + ¥ + 1 # 0. As all the entries of C and D are non-zero; C and D are
non-singular matrices.

Therefore, C and D are MDS matrices. Using (3.1.2) and (3.1.3) in (3.1.1), we get

2

Y
y+1 7/2 y+1
Ro={ y’+y y+1 241 y+1 yl+y ),
y+1 }/2+1 y+1

}/2 +1
which is also MDS Pascal-like rhorix.

Case 2: Consider an irreducible polynomial y*+y+ 1 =0 and let y be the root of this
irreducible polynomial, then the coupled matrix C in this case becomes

y? y? y+1
c=|vy3 v3+v%2  yi+y+1). (3.1.4)
y+1 y*+y+1  y*+y

The matrix C and all its sub-matrices have non-zero determinant. Therefore, C is an MDS matrix.
By the similar argument, the matrix D

D=[Vz v ] (3.1.5)

https://digitalcommons.pvamu.edu/aam/vol19/iss3/9
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is an MDS matrix. From (3.1.1), (3.1.4) and (3.1.5), we have

2

y
a & 7
Ry ={ y+1 a Y4y’ 7 y+1
7/2+7+1 7/3+;/2 7/2+}/+1
ity

Therefore, R = < C, D > is an MDS Pascal-like rhotrix for n = 4.

Case 3: Forn = 5,let y°>+ y? + 1 = 0 be an irreducible polynomial and y be its root, then C

becomes
y: vy y*
C=1y® y3+y y*+1]| (3.1.6)
]/4 ]/4 + 1 y3 + yz

Here, determinant(C) = y? # 0 and determinant of all square sub-matrices of C are also non-
zero. Therefore, C is an MDS matrix. On the basis of similar arguments, the coupled matrix

2

3

% %

D::[ ], (3.1.7)
Y vi+y

is also an MDS matrix. From equations (3.1.1), (3.1.6) and (3.1.7), we get

2

/4

3 2 3

v /4 v

Ro={ 7" » v+y 7
7/4+1 ;/3 +y 7/4+1
y ey
Therefore, Rs =< C,D > is an MDS Pascal-like rhotrix for n = 5. In a similar manner, we can

check that Rs is MDS Pascal-like rhotrix for n > 5. Thus, Rs is an MDS Pascal-like rhotrix for
n=3.m

Published by Digital Commons @PVAMU,
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Theorem 3. 2

Let R, =< C,D > be a Pascal-like rhotrix of dimension 7 whose coupled matrices C and D over
i+ i+
c

F,n aredefinedasC =y ' |, i,j= 1,234andD=|y ' |, i,j = 1,2,3. Then, C and
D form an MDS Pascal-like rhotrix R, forn > 3.

Proof:

Let C and D be the coupled matrices of a 7-dimensional Pascal-like rhotrix R, which is given by

g
Cl2jiil - by 2]
CiBI) D2)]  C12](2]  Dijf2] i3] . (3.1.8)
R, ={ Cl4]ll] D] C3](2] DI2][2] Cf2](3] D{IB3] Cl]4]
Cl4][2] DEI[2] C313]1 D[2][3] C]2][4]
CT413]1 DE3][3] C[3][4]

CT4][4]
i+jc i+jc
Since C=(y |, ij=1,234 andD={y '], i,j= 1,2,3. Therefore, coupled
matrices C and D are given by
v: v vt oy
. y3 oy L0 s
ly4 ylo 520 y35J’
,y5 ,y15 ,y35 y70
and
1A AR
D=|y? y5 y10|.
yt oyl y20

Case 1: Consider an irreducible polynomial y3 + y + 1 = 0 of degree 3 over [F, and let y be the
root of this irreducible polynomial. For n = 3, the coupled matrix C is

I[ Y2 y+1 y*+y yi+y+1]
1 241 1

c=| ¥t vrrLove v (3.1.9)
l Ye+y y+1 y?+1 14 J
y:2+y+1 vy Y Y2

https://digitalcommons.pvamu.edu/aam/vol19/iss3/9
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Here, all the entries of C are non-zero, determinant (C) = y? + 1 # 0 and the determinants of all
the square sub-matrices of C are non-zero. So, C is an MDS matrix. Similarly, we see that the
coupled matrix

Y2 yv+1 yi+y
D=|y+1 y2+1 y+1/[, (3.1.10)
Y2+y y+1 y*+1

is an MDS matrix. Hence, from (3.1.8), (3.1.9) and (3.1.10), the 7-dimensional rhotrix

2

/4

r+1 ¥ 4+l
4y v+l P+l v+l yi4y
Ro={ v’ +y+1 7’ +y y+1 72 +1 y+1 y*4+y y +y+1
¥ r+1 7y +1 y+1 y
y v+l oy
2

v
1s an MDS Pascal-like rhotrix for n = 3.

Case 2: Let y* + y + 1 = 0 be an irreducible polynomial of degree 4 over F, and let ¥ be the root
of this irreducible polynomial. Therefore, for n = 4, the coupled matrix C is given by

2

/4 /4 y+1 vty
3 Syt Z4r+1 1
c=| 7 Ty i (3.1.11)
y+1 y +y+l y 4y vty
7/2+7/ 1 7/2+7/ )/2+;/+1

Here, each entry of C is non-zero. Also, determinant (C) = ¥3 + y2 + y # 0 and the determinants
of all the square sub-matrices of C are also non-zero. Therefore, the matrix C is an MDS matrix.
Similar argument gives that

y? y? y+1
D=| y3 v +y2  yi4+y+1|. (3.1.12)
y+1 y2+y+1 yi+y

is an MDS matrix. From (3.1.8), (3.1.11) and (3.1.12), the 7-dimensional rhotrix

Published by Digital Commons @PVAMU,
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8
7/2
e 7 e
y+1 a Y +r? a y+1

7/2+7/ y+1 7/2+}/+1 }/3+7/2 72+}/+1 y+1 }/2+7/
1 7/2+)/+1 7/2+7 }/2+7+1 1
Yy vy yi+y
7/2+7/+1

=
Il

1s an MDS Pascal-like rhotrix for n = 4.

Case 3: Lety be the root of irreducible polynomial y° + y2 + 1 =0 of degree 5 over F,.
Therefore, for n = 5, the coupled matrix C is

[ v? y? y* Yy +1 ]

c=| v vty AR AR A A IR R T
l 14 y*+1 Y +vy? y* J
y2+1 yr*+y3+y2+0+1 y* y3+y2+1

Since all the entries of C are non-zero, determinant (C) =y*+y%2+y+1+# 0 and the
determinants of all the square sub-matrices of C are non-zero. Therefore, C is an MDS matrix.

Using the same arguments, we see that the coupled matrix

IS y*
D=1y y*+y y*+1], (3.1.14)
)/4- )/4- + 1 )/3 + yz
is also an MDS matrix.
Hence, equations (3.1.8), (3.1.13) and (3.1.14), the 7-dimensional rhotrix given by
72
]/3 7/2 7/3
s s r+y 7 .
R, ={ y+1 yt yt+1 A4y rt+1 yt y+1

}/4+1 74+73+y2+}/+1

4

;/4+73+}/2+;/+1 ;/4+1 ;/3+}/2
vyt oy
y3+72+1

is an MDS Pascal-like rhotrix for n = 5. Similarly, we can prove the results for any n > 5. Thus,
R is an MDS Pascal-like rhotrix over [F,n» forn = 3. m

https://digitalcommons.pvamu.edu/aam/vol19/iss3/9
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3.2 Construction of Maximum Distance Separable Pascal-like Rhotrices over Finite Field
]F3TL

Theorem 3.3
Let Rs =< C, D > be a 5- dimensional Pascal-like rhotrix, whose coupled matrices C and D over
i+ i+

Fyn are definedas C=|y ' |, i,j= 1,2,3andD =y ' |, i,j = 1,2;where y is root

of irreducible polynomial over [F3n. Then, € and D form an MDS Pascal-like rhotrix Rs for n >

3.

Proof:

Let Rg be a 5-dimensional Pascal-like rhotrix formed by the coupled matrices C and D as defined
i+j i+j

in (3.1.1). Since C=[y '], i,j= 1,23 and D=|y i, i,j = 1,2. Therefore,

coupled matrices C and D are given by

2 3 4
Y Y Y
c=1v3 v6 419|andD = v: v’
)4 Y )4 an 3 6|
yt 10 420 Yo v

Case 1: Consider y is the root of irreducible polynomial y3 + 2y + 1 = 0. Then, for n = 3, the
matrices C and D are given by

y? y+2 ¥+ 2y
C=|y+2 y?+y+1 vi+y |, (3.2.1)
y2+2y vi+y y2+2y+1
and
2
p=|"7 v+2 (3.2.2)

T ly+2 yEPey+1l

Now, determinant(C) = 2y? + 2y + 1 # 0 and determinant (D) = a? + 2a + 1 # 0. Here, all
the entries of C and D are non-zero and the determinants of all the sub-matrices of C and D are
also non-zero. Therefore, C and D are MDS matrices. Using (3.2.1) and (3.2.2), the 5-dimensional
rhotrix given in (3.1.1) becomes

Published by Digital Commons @PVAMU,
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2

4

2

y+2 y y+2
Ri=( ¥’ +2y y+2 y4+y+l y+2 y +2y
Vi+y r4r+l yiy
7 +2r+1

2

which is an MDS Pascal-like rhotrix.

Case 2: Let y* + 2y + 2 = 0 be an irreducible polynomial and y be its root. Then, for n = 4, we
have

y? y? y+1
c=| y3 y3+y? 2v3+y2+y+1], (3.2.3)
y+1 2y3+y2+y+1  y3+2y%2+42y
and

2 3

Y Y
D =[ ] (3.2.4)

Yy vi+y?

The determinant(C) = 2y3 +y2 + 2y # 0and determinant (D) = 2y3 + 2y + 1 # 0. Since
entries of C and D are non-zero, therefore C and D are MDS matrices. Hence, by using (3.2.3) and
(3.2.4)in (3.1.1), we get

2

y
7’ y: y’
Ry={ y+1 y y +r Y y+1 ),

27/3 +j/2+]/ +1 73 +7 273 +7/2+7+1
7/3 + 27/2+27/

1s an MDS Pascal-like rhorix.

Case 3: Let y® + 2y + 1 = 0 be an irreducible polynomial and let y be its root. So, for n = 5, the
coupled matrices C and D are

AZ y3 ,y4
C=|y> y?+2 yi+y+1 , (3.2.5)
vt vi+y+1 yr4+2y3+2y+1
and
2 3
)4 Y
D= [ ] (3.2.6)
v vi+2y

https://digitalcommons.pvamu.edu/aam/vol19/iss3/9
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All the elements of C and D are non-zero. Also, determinant(C) = y* +y3 +y2+1 # 0and
determinant(D) = y* + 2y3 + 2y2 + y # 0. Further, the determinants of all the sub-matrices of
C and D are non-zero.

Therefore, C and D are MDS matrices. From equations (3.1.1), (3.2.5) and (3.2.6), the 5-
dimensional Pascal rhotrix becomes

2

Y
Y v’ v
Ry={ y* 7 y'+2y vy
)/2+;/+1 ;/2+27 72+;/+1

7/4+27/3+27+1

Therefore, R =< C, D > is an MDS Pascal-like rhotrix for n = 5. In the similar manner, we can
verify that Rs is an MDS Pascal- like rhotrix n > 5. Thus, R5 is an MDS Pascal-like rhotrix over
Fsn forn > 3. m

Theorem 3.4

Let R, =< C, D > be the Pascal-like rhotrix of dimension 7, whose coupled matrices C and D
i+j i+jc

over [F3n are defined as C = | y i, i,j=1,234and D =y i, i,j = 1,2,3. Then,

C and D form an MDS Pascal-like rhotrix R, for n > 3.

Proof:

Consider a 7-dimensional Pascal-like rhotrix R, as defined in (3.1.8). Here C and D are coupled

i+j i+j
C. .
matrices of R,.Since C=\{(y '|, i,j= 1,234 andD=[|y '], i,j=1,23.

Therefore, the coupled matrices C and D are given by

v v® vt v

C= Iri y160 y;z y;z‘l >
Yt vt v oy

)/5 ]/ )/35 ]/70
and

A A
D=|y3 y& y10
)/4- )/10 )/20

Published by Digital Commons @PVAMU,
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Case 1: Consider an irreducible polynomial y* + 2y + 1 = 0 of degree 3. Let y be the root of
y3 + 2y + 1 = 0. Therefore, for n = 3, the matrix C becomes

[ v y+2 yi+2y  2y*+y+2]

C:I y+2 Y2+y+1 Y24y 2y? | (32.7)
l Yi+2y vi+y 2y +y+1 y+1 J o
2y2+y +2 2y? y+1 yi+2y+1

Here, the entries of C are all non-zero and the determinant of C and all its sub-matrices are also
non-zero. Therefore, C is an MDS matrix. Using similar arguments, the matrix

y? y+2 Y+ 2y
D=|y+2 y*+y+1 vi+a1 |,
v+ 2y yi+y 2y2+y+1

(3.2.8)

1s also an MDS matrix.

From (3.1.8), (3.2.7) and (3.2.8), the 7-dimensioanl rhotrix R, given below is an MDS Pascal-like

rhotrix

2

Y
y+2 7/2 y+2
)/2+27/ y+2 }/2+7/+1 y+2 }/2+2}/
)/2+7/ 7/2+27/ 2}/2+}/+2
2

R, = 2}/2+}/+2 )/2+27/ 72+7/ 7/2+7/+1
' iy 27 y+l ity 2y
y+1 277 +y+1 y+1
72+27/+1

Case 2: Let y be the root of irreducible polynomial y* + 2y + 2 = 0. Therefore, for n = 4, the
matrix C in this case becomes

7’ a y+1 7 +y
73 }/3+}/2 273+72+7+1 27/2+7
C= 3 5 3 ) ) . (3.2.9)
y+1 2y +y  +y+1 y +2y +2y Yy o+y+2
7/2+7/ 27/2+)/ }/2+7+2 27/3+27/2+27/+2

As the entries of C and the determinant of C are non-zero Further, the determinants of all sub-
matrices of C are also all non-zero. Hence, C is an MDS matrix. Similarly,

https://digitalcommons.pvamu.edu/aam/vol19/iss3/9
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y? y? y+1
— 3 3 2 3 2
D y y>+y 2y +y +y+ 1}, (3.2.10)
y+1 2y3+y2+y+1 y3+2y%2+42y

is also an MDS matrix. From equations (3.1.8), (3.2.9) and (3.2.10), we get

2

g
g’ g’ g’
g+l g’ g+g g’ g+1
R,={ g’+g g+1 2g°+g’+g+l g+g 2g°+g’+g+1 g+l g'+g ),
2g°+g 29°+g’+g+1  gi+2g’+2g 2g°+g’+g+l 2g°+g
g’+g+2 g'+2g°+2g g’+g+2

20° + 2g°+ 2g+ 2

which is an MDS Pascal-like rhotrix.

Case 3: Consider an irreducible polynomial y° + 2y + 1 = 0. Let y be theroot of y°> + 2y + 1 =
0. Therefore, for n = 5, the coupled matrices C and D are given by

y? y? v y+2
‘= )/i ;/2+2)/ Yi+y+1 Y3 +2 G211)
% vi+y+1 y*+2y34+2y+1 yr+y2i+2y+2|°
y+2 y3+42 yi+yi+2y+2 2y
and . s g
D=|y3 y2+2 vi+y+1 : (3.2.12)
vt vi4+y+1 yr4+2y3+2y+1

Using the arguments given in the previous case, we see that C and D are MDS matrices. From
(3.1.8),(3.2.11) and (3.2.12), R, is an MDS Pascal-like rhotrix and is given by

2

e
a r? y’
rt y yi+2y 7’ 7t
R, =( y+2 }/4 )/2+7+1 7/2+2}/ }/2+;/+1 7/4 y+2

;/3+2 }/2+7/+1 7/4+273+27/+1 ;/2+;/+1 7/3+2
eyt 42y 42 2 w2+l et 2y 42
2y

In the similar manner, we can prove that Rs is an MDS Pascal- like rhotrix n > 5. m
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4. Conclusion

In this paper, we defined Pascal-like rhotrix over finite fields. Further, we constructed MDS
Pascal- like rhotrices over finite field [F,n. This work can be extended to block Pascal-like rhotrix.
Also, MDS block Pascal-like rhotrices can be constructed with the help of generalised elements
from normal bases or self-dual bases of finite field Fyn. These constructions may have vast
applications in the field of cryptography and coding theory.
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