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Abstract

A monic irreducible polynomial is known as a normal polynomial if its roots are linearly inde-
pendent over Galois field. Normal polynomials over finite fields and their significance have been
studied quite well. Normal polynomials have applications in different fields such as computer sci-
ence, number theory, finite geometry, cryptography and coding theory. Several authors have given
different algorithms for the construction of normal polynomials. In the present paper, we discuss
the construction of the normal polynomials over finite fields of prime characteristic by using the
method of composition of polynomials.

Keywords: Trace; Prime characteristic; Galois field; Irreducible polynomial; Linearized poly-
nomial; Normal polynomial; Normal basis
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1. Introduction

The normal polynomials have vast applications in computer science, number theory, algebraic ge-
ometry, finite geometry, cryptography and coding theory. Construction of irreducible polynomials
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and normal polynomials have always been a focused area of research in recent times (see Alizadeh
(2011), Alizadeh (2012), Alizadeh and Mehrabi (2016), Hou (2022), Menezes et al. (1993), Meyn
(1995) and Schwartz (1988)). Recursive constructions of normal polynomials over the finite fields
were discussed by Kyuregyan (2008) and Sharma et al. (2022). In 2002, Kyuregyan provided recur-
rent methods for the construction of irreducible polynomials over finite field of even characteristic.
Kyuregyan (2004) proposed the iterated constructions of irreducible polynomials over finite fields
of even characteristic. Sharma and Ashima (2022) constructed irreducible polynomials over finite
field by using the method of composition of polynomials. Hou (2022) provided certain sufficient
conditions for an irreducible polynomial over finite field to be normal. Meyn (1995) constructed
explicit N-polynomials of 2-power degree over finite fields.

A monic irreducible polynomial of degree n is called k-normal polynomial over finite field if
its roots are k-normal elements which are defined and characterized by Huczynska et al. (2013).
Further, the k-normal elements and the construction of k-normal polynomials were studied by
Alizadeh and Mehrabi (2016), Alizadeh et al. (2018) and Kim and Son (2020). Normal elements
and normal bases are discussed in detail by Chapman (1997), Gao (1993), Lidl and Niederreiter
(1994) and Menezes et al. (1993). Iterated constructions of normal bases over finite fields are
considered by Scheerhorn (1994). The existence of trace orthogonal normal bases is discussed by
Jungnickel (1993).

In the present paper, we construct the normal polynomials over finite fields using the composition
of polynomials over finite fields of characteristic p which is the extension of work done by Alizadeh
et al. (2011). The work done in the paper is divided into four sections. The subsequent section
offers the necessary references to comprehend the paper’s preliminaries and essential results for
driving its main findings. In Section 3, construction of N-polynomials over finite fields of prime
characteristic p is presented which is illustrated over the finite fields of characteristics 5 and 7,
respectively. Section 4 concludes the work done in this paper.

2. Preliminaries

In this section, we first examine the concepts of irreduciblilty and normality of polynomials over
finite fields. Several researchers have contributed valuable insights, definitions and various results
for analyzing the behaviour of polynomials over finite fields, which led to the advancements in
theoretical and practical domains. The trace function T7¢.o(c) of a over F, where o € F, is
defined in Lidl and Niederreiter (Definition 2.22). Also, the reciprocal polynomial f*(z) of f(x)
is defined in Lidl and Niederreiter (Definition 3.12), where f(x) is a polynomial of degree n in
[F,[z]. Cohen in 1969 (Lemma 1) derived the condition for the irreducibility of composition of
relatively prime polynomials f(x), g(z) € F,(z) and an irreducible polynomial p(x) € F,[z] of
degree n. Linearized polynomials play a great role in checking the normality of polynomials over
finite fields. These polynomials are defined in Lidl and Niederreiter (Definition 3.49). Schwartz
(1988) provided condition for o« € F' to be a generator of a normal basis of F,(«) over F,. Al-
izadeh (2011) (Theorem 1) presented new type of irreducible polynomial from composition of
irreducible polynomial by giving condition on trace function. The construction of self reciprocal
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normal polynomial from normal polynomial is provided by Alizadeh and Mehrabi (2015).

3. Main Results

Alizadeh et al. (2011) constructed normal polynomial over finite field with characteristic 3. So,
we generalize this result over finite field with odd prime characteristic p. To prove this result,
we have used two results regarding irreducible polynomials using the method of composition of
polynomials given by (Alizadeh (2011), Theorem 1) and the condition for the reciprocal of the
composite polynomial to be a normal polynomial given by Menezes et al. (1993) (Theorem 4.18).
In this section, we construct normal polynomials over finite fields of odd prime characteristic p
using the method of composition of polynomials. The main result is presented in the form of
following Theorem.

Theorem 3.1.
Let I(z) = ), ¢;x" be an irreducible polynomial of degree n, where
n =n1p° = nit and ged (ng,p) =1,
over I, and /*(x) be an N-polynomial over F,... Also, let
P —x
Fla)= (" -+ 1)1 22 ).

Then, F™* (x) is an N-polynomial of degree pn over [, if and only if
€1 I'(1)
— ). T — — 0.
(r+5) - (7551 =) #

Consider an irreducible polynomial I (z) = >  ¢;z* of degree n over F,. and its reciprocal
polynomial [* (z) is a normal polynomial over .. Construct a composite polynomial

F(x):(xp—xﬂ)"f(””p—_x), (1)
P —x 41
which is irreducible over IF, by Alizadeh (2011) (Theorem 1). Also, from Lidl and Niederreiter
(1983) (Corollary 3.79), we have

=1 = [py () ... i ()",
Here, 27" — 1 factors in distinct irreducible factors ¢, (z) € F,:[xz].

Proof:

Set
g —1 (a2 = 1P 4D 44 1)

¢ @ =2 (@)

= Z trmxm(x(p_l)” + P2 1)
m=0
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— trm (x(pfl)ner + Z,(1072)n+m 4.+ xn+m + xm) ) (2)

Here,

Let p; be aroot of F'(x). Then, oy = pil is a root of F™*(x).

As discussed in Menezes et al. (1993) (Theorem 4.18), F*(x) is an N-polynomial if and only if

Uy

s\ (p—1)n+m s\ (p—2)n+m syn+m s\ym
La, (1) = 3 tom |(02)) + (o)™ ot @) ()

m=0
which gives
vy L\ PT L\P 1\ 1 p°m
Le, (01) =Y trm (—) + (—) + ..+ (—) + (—) : (3)
m=0 P1 P1 P1 P1
Pl —p1
From (1), we see that ————— is aroot of I(z).
pPr—p1+
Let p be the root of I(x), so
p= pL— P
o —=pr+1
p=l ==l —p+1", “)
—1
— 1= ,
P Py —pr+1
-1 —p
P = — — 1 = —
%1 P1 p— 1 p— 1 )
p
p—p=— (5
1 1 — D
Powering p°" on the both sides of (4), we obtain
(=1 ==l =+ 17"
Using (a + b)"”" = a”" + b"", we have
sn+41 sn -1
(-1 == =" +1] . ©)
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Then, from (4) and (6), we obtain

-] =
We know that (p} — p; + 1) cannot be zero, otherwise our root of I(z) will be undefined,
A =t
o= =0
[pjlom - pl]p = [pllon - Pl} :

Let o¥" — p; = 0 € F, and by using induction, we have

P = pu+ ko, (7)

where, k = 0,1, ...v,.

So, from (3) and (7), we get

tecton =2t | (s =79) + (rrg=z0) () * (5)]

which gives

o 1 pem
LGT (01) - Z trm( >

0 sz —P1
Then, by (5), we have

oSl ]S

p
m=0 m=0
Let H (z) = I*(z) be an N-polynomial. From the theorem’s hypothesis and Menezes et al. (1993)

1
(Theorem 4.18), H (1 — x) is an N-polynomial. But <1 - - ) isaroot of H (1 — x). So, we get
P

-t e

p
m=0
which concludes the proof. n

Example 3.1.

Let I (z) = 2° + 42* 4 32° + 42 + 1 be an irreducible polynomial of degree 5 over Fs: and I*(x)
be an N-polynomial over Fj-.

Also, let

x> —x+1
Then, F™*(x) is an N-polynomial of degree 25 over Fs- if and only if

(5 + Z—;) Trses (5/((11)) - 5) £0.

Fa)= (" —2+1)"1 (”35—_”3) .
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Proof:

Consider an irreducible polynomial I (z) = 2% + 4z* + 32 + 4z + 1 of degree 5 over Fs: and its
reciprocal polynomial * () is a normal polynomial over Fs5.. Construct a composition polynomial

5 _
Fla)=(" -2+ 1)1 (x;g——qu) , )

which is an irreducible polynomial over 5 from given hypothesis and Alizadeh (2011) (Theorem

1).
Also, by Lidl and Niederreiter (1983) (Corollary 3.79) we have,

2 —1=[pi(2)... 0 (@Pt-

Here, 2?5 — 1 factors in distinct irreducible factors ¢, (z) € Fs:[x].

Denote
G (o) = 221 _ (25 — 1)(2%5 + 2% 4 225 4 21 1 1)
() x—1
4
_ me(x4*5 +ZE3*5 + 1,2*5 +I’5 + 1)
m=0
4
_ Z <x4*5+m + x3*5+m + x2*5+m + x5+m + .,L,m) . (9)
m=0
Here,

4

2 —1 me.

er(z) - m—0

Let p; be a root of F'(z). Then, oy = pil is a root of F™*(x).

To prove [™*(x) is an N-polynomial, we must have

Lg, (01) # 0,

4

2\4x54+m 2\ 3%5+m 2\ 2%5+m 2\5+m 2\m

Le, (o) =Y [(Ol)(m +(0)® +(0)® + (o) L (o)) }
m=0

4 54x2%5 53%2%5 52+2%5 52x5 52m
1 1 1 1 1
=0 P1 P1 P1 p1 1
P — P
From (8), we see that 51— is a root of I(x).
pr—pr+1

https://digitalcommons.pvamu.edu/aam/vol19/iss3/10
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Let p be the root of I(x), so

_ P =,
pi—pi+1
-1
p—1=—[p1—p+1] ", (11)
-1
—1= ,
g pi—p1+1
_ 1 _ =P
P pl_p—l _p_lv
5 1Y
D 12
P1— P1 1—p (12)

Therefore, by (11), we get
2x5 2x54+1 25 -1
(p—1) Z—[p? - +1] :

Using (a + b)”" = a”" + V", we have

2%541 25 -1
(p=1) == [ = o7 +1] (13)
Then, from (11) and (13), we have
52#5+1 -1 5 —1
[/)1 —p+1} =lpi—p+1],
i —ptl=pl—p+1,
o = =,

2x5 5 245
7 —p = [p? —m] .

Let p°° — p; = 6 € F5 and by using induction, we have

5k*2*5

P =p+ kO, where k =0,1,...4. (14)

Therefore, from (10) and (14), we get
4 52*771,

b (=2, Kpli49> i (mi?ﬁ) ! (miw) ' (p11+9> ’ G)}

4 o 52em
N Z (P? - pl) .

m=0

Then, by (5), we have

Published by Digital Commons @PVAMU,
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Let H () = I*(x) be an N-polynomial. From Theorem 3.1 and Menezes et al. (1993) (Theorem

4.18), H (1 — x) is an N-polynomial. But (1 - %) isaroot of H (1 — x), so we get

Y- 2o

m=0

Hence, it is proved. -

Example 3.2.
Consider an irreducible polynomial I (z) = 227 + 32° 4+ 62° + 32* + 2% 4 522 + 42 + 5 of

degree 7 over [F7» and its reciprocal polynomial /* (z) is a normal polynomial over - . Construct
a composite polynomial

T _
Fa)=@G —z+1)T1 (xf_—xil) , (15)

which is irreducible over 7= by Alizadeh (2011) (Theorem 1). On the other side by Schwartz
(1988), we have

-1 = [p1 () ... s (37)}@

Here, 29 — 1 factors in distinct irreducible factors ¢, (z) € Fr=[x].

Denote
49
-1
G, (1)="—=
Pr (I)
@ =D T+ 2T 4+ 42T+ 1)
N z—1
6
= Z (2% 4T 2" 1)
m=0
6
_ Z (x6*7+m + $5*7+m 4o+ l,?-i—m + xm) . (16)
m=0
Here,
1 —1 0 m
= > am,

Assume that p; be a root of F'(z). Then, oy = pil is aroot of F™*(x).

To prove F™*(x) is an N-polynomial, we must have

LG'r' (01) 7é 07

6
2)6%7+m 2\5x7+m 2\ 7T+m 2\
Le, (Ul) = Z [(gl)(7 ) +(o’1)(7) +"'+(Ul)(7) + (Ul)(7) ]7

m=0

https://digitalcommons.pvamu.edu/aam/vol19/iss3/10
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o2 [G) TG G

72*6*7 72*5*7

7
From (15), we may check that ﬂ—pl is aroot of I(x).
pr—pr+1
Let p be the root of I(x), so
p= pi—p
pi—p+1
-1
p—1=—[pi—p+1] ", (18)
—1
1=
g pi—p1+1
_ b o=y
1 pl_p_l _p_17
7 P
g = 19
P1— P 1_pa ( )

Using(a + b)”" = a”" + b*", we have

25741 2%7 -1
(p=1) == [p0"" =77 41| (20)
Then, from (18) and (20), we obtain
72xT+1 727 -1 7 —1
P1 ! +1} = [pl—p+1],
pi " —ptl=pl—p+1,
p;2*7+1 . p'{2*7 _ p'{ . p17

257 7 257
] —pl = [pi —pl].

Let pI”"" — p; = 0 € F; and by using induction, we have

7k*2*7

P1 =p+ k0. (21)
So, from (17) and (21), we get

) = ) =+ (5a)+ )]

o p1 + 60 p1 + 50 p1+0 1
_1 72*771,

mo(pi—p) '

Published by Digital Commons @PVAMU,
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Then, by (12), we have

p

m=0

Let H (z) = I*(x) be an N-Polynomial. From the given hypothesis inTheorem 3.1 and Menezes
1

et al. (1993) (Theorem 4.18), H (1 — x) is an N-polynomial, but (1 — —) isarootof H (1 — x).
p

We get

Hence it is proved.

4. Conclusion

There are different ways to construct a normal polynomial over finite fields. In this paper, we
constructed families of normal polynomials over the finite field of odd prime characteristic by using
composition of polynomial. Further, we showed that the reciprocal of the composite polynomial is
a normal polynomial of degree pn over finite field with some restrictions.
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