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Abstract

There are many studies in the literature on real quaternions and real quaternion matrices. There
are few studies in the literature on dual quaternions. Definitions of the matrices of dual quater-
nions used in this study will be given. The originality of our research, the set of dual quaternion
matrix we studied, will be defined for the first time in this study, and its properties will be given.
Moreover, this study is critical because it is an applied study related to dual quaternion matrices. It
will be easier to solve examples with large matrix sizes with MATLAB. People who use different
programs can also write applications inspired by them. In this work, the set of dual quaternion
matrices is examined. Among the dual quaternion matrices, additional features such as addition,
multiplication, inverse, transpose, conjugate, power, and trace are explored. In addition, real matrix
representations of dual quaternion matrices and their characteristics were developed. These were
utilized to determine the dual quaternion matrices’ determinants and inverses. In addition, many
types of determinants and inverses of dual quaternion matrices were created, and MATLAB ap-
plications were developed to facilitate the solution of cases utilizing these techniques. Finally, the
results and methodologies were compared to the actual quaternion matrix characteristics.

Keywords: Quaternions; Dual quaternions; Dual quaternion matrices; Real matrix representa-
tion; MATLAB applications; Inverse; Power; Determinant
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1. Introduction

Quaternions are a crucial component of the rotational representation in computer graphics, partic-
ularly when it comes to animation and user interfaces. Due to the challenges involved in accurately
depicting the four-dimensional space occupied by quaternions, quaternion rotation is typically re-
served for study at a more advanced level in computer graphics education. This is unfortunate. The
quaternion demonstration is a tangible visual aid consisting primarily of a belt. It is one of the
tools that may be used to overcome these challenges. One end of the belt can be held still while
the other is rotated to symbolize any quaternion used to define a rotation. The composition of ro-
tations serves as a demonstration of the multiplication of quaternions, and the twists that arise in
the belt serve as a visual representation of how quaternions interpolate rotation (Hart et al. (1994)).
Rotating vectors in three dimensions may be accomplished through quaternion multiplication. As
a result, quaternions are frequently utilized in place of matrices in computer graphics regarding the
representation of rotations in three dimensions. However, although the formal algebra of quater-
nions is well-known in the graphics community, the derivations of the formulae for this algebra and
the geometric concepts that underlie this algebra are not generally understood (Goldman (2011)).

Multiple writers researched the algebraic characteristics of quaternion matrices (Bitim (2019);
Brenner (1951); Erdogdu and Ozdemir (2013a); Erdogdu and Ozdemir (2013b); Erdogdu and
Ozdemir (2015a); Erdogdu and Ozdemir (2015b); Flaut and Shpakivskyi (2013); Halici and Deveci
(2021); He (2019); Kosal and Tosun (2014); Kosal and Tosun (2017); Nalbant and Yiice (2019);
Ozyurt and Alagoz (2018); Qi et al. (2022); Wiegmann (1955); Wolf (1936); Zhang (1997)). Zhang
(1997) provided a quick overview of quaternions and their matrices. Alagoz et al. (2012) defined
split quaternions and matrices for them using complex matrices. Erdogdu and Ozdemir (2013b)
defined the representation of split quaternion matrices in real matrices and provided several key
algebraic features of split quaternion matrices by utilizing real matrices as the basis for their work.
Alagoz and Ozyurt (2019) looked at the characteristics of complex split quaternion and complex
quaternion matrix.

The academic literature has a significant amount of study on real quaternion and real quaternion
matrices. In the body of work devoted to research, one does not come across a substantial num-
ber of papers that focus on dual quaternions. There will be a discussion on the definitions of the
matrices of dual quaternions used in this study. These matrices have been employed in the current
investigation. The first time that the set of dual quaternion matrix that we examined will be defined,
and the very first time that their properties will be detailed, will both take place within the scope of
this study. This is an original and essential addition that comes from our research. In addition, the
significance of this work cannot be understated because it is an applied research addressing dual
quaternion matrices, and that feature alone makes it extremely important. Users who do not work
with MATLAB can take ideas from MATLAB applications and implement them in the software
they work with. When dealing with issues involving situations that have large matrix sizes, using
MATLAB will make the process much simpler.

The present study introduces a novel contribution by providing the initial definition of dual quater-
nion matrices and their associated properties. The definitions, theorems, methods, and applications
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in the study are unique. The calculation of the determinant can be facilitated by utilizing Theo-
rem 6.1, Theorem 6.3, and Theorem 6.4. The studied samples were selected for comparison, and
the same results were obtained with the methods used. This shows the accuracy of the methods.
Furthermore, MATLAB applications facilitate the facile computation of the inverse, power, real
matrix representation, and determinant of matrices with exceedingly high orders. A comparison of
real quaternion matrices and dual quaternion matrices that we defined is given in Table 2. When
the literature is examined, a comparison table for other quaternion matrices is not encountered.
The objective of this investigation is to enhance the existing body of knowledge by introducing
novel dual quaternion matrices, MATLAB implementations, and comparative tables. As can be
seen in Table 2, when real and dual quaternion matrices are compared, there are many features that
cannot be achieved with real quaternion matrices. However, with dual quaternion matrices, many
generalizations can be obtained for power, inverse, and determinant, etc.

In Section 1, the literature of the real set of quaternions is examined. The characteristics of dual
quaternion matrices will be examined in this research. A brief discussion of the fundamental fea-
tures of dual quaternions will be mentioned in Section 3. After that, in Section 4, we will define
dual quaternion matrices and examine their properties. MATLAB will then be used to obtain the
inverse of dual quaternion matrix. Then, we will define the dual quaternion matrix’s real matrix
representation and give its characteristics in Section 5. Besides, we will find this representation
matrix using MATLAB. Section 6 will cover the determinant of dual quaternion matrices and sev-
eral methods for determining the inverse of dual quaternion matrices. Furthermore, examples are
given for each topic. To show the accuracy of the given theorems and the results, we always paid
attention to taking the same matrix in the examples. Finally, the study is concluded with a summary
of the results and a discussion of future research prospects in Section 7.

2. Quaternions

Hamilton (1866) presented the quaternion set in 1843. People may deduce that the quaternion
product is non-commutative based on these rules. Following the publication of Hamilton’s paper in
1849, split quaternions were first defined by Cockle (Clifford (1873)) and Hg is non-commutative,
too. Akyigit et al. (2013) established the split Lucas and Fibonacci quaternions in 2013. Kula and
Yayli (2007) defined complex split quaternions. Majernik (2006) defined dual quaternions. See its
definition at the beginning of Section 3. Yiice and Ercan (2011) worked on dual quaternions. In
their study, the equations of De Moivre and Euler are generalized for dual quaternions. Ata and
Yayli (2009) introduced dual quaternions with dual number coefficients and denoted by:

Q:A+Bz’+(]j+Dk|A,B,O,DED,} W

H(D):{ 2= =k=-1=ijk

Here D is used for a set of dual numbers. H (D) and Hy, are different sets. Essentially, these quater-
nions in Equation (1) must be called dual coefficient quaternions.
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3. Dual Quaternions

The dual quaternion set is expressed as
Hy={g=a+bi+cj+dk|a b c,deR, i j, k¢ R},
where ¢, j, k follow these multiplication rules:
P=2=k=0, ij=ji=jk=kj=ki=ik=0.

If a = 0, g is called non-pure dual quaternion. The addition rule maintains the addition’s asso-
ciativity and commutativity features. The algebra Hp is not a division algebra because it is not
a division ring (Rotman (2002)). However, the nilpotent basis elements i, j, £ in the definition
of Hp, do not have multiplicative inverses. If v = a + bi + ¢j + dk were an inverse of ¢, then

1 =4u = i(a + bi + ¢j + dk) = ia. Thus, a would be a non-zero real number, and so, i = a~*
would be a real number, yet ¢ ¢ R. Hp is isomorphic to the Galilean space G* (Majernik (2006)).

4. Dual Quaternion Matrices

An m X n matrix whose elements may contain dual quaternions is called an m x n dual quater-
nion matrix. Also, m x n matrices with dual quaternion coefficients is expressed as M, x,(Hp)
and defined as

My (Hp) = {A = [ars]) =[aps] + [brs] i + [ers] j + [drs] | )
Qs = Qps +brsi+ Crgj +dps kb € Hp}
where a,, b.s, Crs, d.s € R and
P=2=k=ijk=0, ij=ji=jk=kj=ki=ik=0.
Moreover, dual quaternion matrices are expressed as
Myun(Hp) = {A= A+ Byi+Cyj+ Dk | Ay, By, C1, Dy € Myn(R)},

where Al = [ars]v B, = [brs]a Cl = [Crs]u D, = [drs]-
If m = n, then these matrices are indicated by M,,(Hp).

For A = [a,5) = Aj + Byi+Cyj+ Dy k, B = [bys] = Ay + Byi+ Cyj + Dy k € Myun(Hp),
the matrix addition is expressed as

121 + B = [drs + Brs] S Man(HD)7
or

A+ B = (A1 + Ag) + (B1 + Ba)i+ (C1 4+ Co)j + (D1 + Do)k

For A = [ips] = Ay + Byi+ Cy j+ D1k € Myyun(Hp), B = [by] = Ao+ Byi+ Coj+ Dok €
M, «,(Hp), the matrix multiplication is expressed as

n

Z Qs l;so] € MmXP(HD)’

s=1

AB =

https://digitalcommons.pvamu.edu/aam/vol19/iss1/5
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AB = Ay Ay + (A By + By Ay)i + (A4, Cy + Cy Ay)j + (Ay Dy + Dy Ay)k, (3)
or

AB - A1A2 +A1(BQZ+ CQ] + DQ]{) + (Bll+01j —|—D1 k)AQ
The multiplication of dual quaternion matrices is non-commutative.
Forq € Hpand A = [Gr5] € Mysn(Hp) , the scalar multiplication is defined by
gA = Aq = [qa,,).

The product of dual quaternion matrices is associative. The proof is a simple routine.

Lemma 4.1.

For A, B € M, (Hp) and p, ¢ € Hp, we achieve

() g(A+B)=qA+qB,
(i) (p+q)A=pA+qA4,
(i) (pq) A=p(qA),

(iv) 1AA:AA, o

() (qA) B =q(AB),
(vi) (Aq) B=A(qB)
Proof:

(1), (1), (iv), (v) and (vi) are easily demonstrable. We shall demonstrate (ii1):
Let A = A+ Bi+Cj+ Dk € M,,x,(Hp) where A, B, C;, D € M,,»,(R) and p,q € Hp,

(pa)A=(pqg)A+(pg)Bi+ (pg)Cj+ (pg)Dk
= (p(qA4)) + (g B))i+ (p(¢C))j+ (p(g D))k
=p((qA)+(¢B)i+(¢C)j+(¢D)k)
:P( ) [ ]

4.1. Module M,,(Hp) Structure Over the Ring M, (R)

M,,(Hp) is a module over the ring Hyp. Also, it is spanned by

1 0...0 0 1...0 0 0...0
0 0...0 0 0...0 0 0...0
0 0 0 0 0...0 0 0 1

Then, dim (M, (Hp)) = n?.
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For A = [4,,] = A4+ Bi+Cj+ Dk € M,(Hp), Q = [g:r] € M,(R), the product of A with Q
is expressed as

QA - ZQtr drs € Mn(HD)7
r=1
or
QA=QA+QBi+QCj+QDE. (4)

Similarly, the right multiplication may be defined.

Lemma 4.2.

For A, B € M, (Hp), @1, Q2 € M,(R), the left multiplication has the properties below:

i) (Q1+ Qz) =QA+ Q. A

(i) (@1Q2) A= Q1 (Q24),
(iii) Q1(A + ) A+ B
(iv) I (A) = A, A
V) (Q1A)B=Q:(AB),
vi) (AQ:) B =A(Q:B).

In the same way, the right multiplication characteristics may be illustrated.

Proof:

(1), (i1), (iv), (v) and (vi) are easily demonstrable. We shall demonstrate (iii):
Let A=A+ Bi+Cj+Dke M,(Hp), Q1,Q, € M,(R) and

(Q1Q2)A = (Q1 Qo)A+ (Q1Q2)Bi+ (Q1Q:)C j + (Q1 Q2) Dk
= (Q1(Q24)) + (Q1(Q2B))i + (Q1(Q20)) j + (Q1(Q2 D)) k
= Q1((Q2A4) + (Q2B)i+ (Q20)j + (Q2 D) k)
= Q1(@A). "

Remark 4.1.
M,,(Hp) is a left (right) module over M, (R).

Also, forall A= A+ Bi+Cj+ Dk e M,(Hp) we obtain
A=A1+BI+CJ+DK,

such that

https://digitalcommons.pvamu.edu/aam/vol19/iss1/5



Nalbant and Yiice: Dual Quaternion Matrices and Matlab Applications

AAM: Intern. J., Vol. 19, Issue 1 (June 2024)

So, we obtain
M, (Hp) = sp{i, f, j, f(}
Then, dim (M, (Hp)) = 4.

4.2. Conjugate, Transpose and Conjugate Transpose of Dual Quaternion Matrix

The dual quaternion matrix’s conjugate A = [d,s]) = A+ Bi+C j+ Dk € My,,,,(Hp) is defined

as
Z = [d_rs] = [ars - brsi - Crsj - drs k] € men(H]D))a (5)
or
A=A—Bi—Cj—Dk e Myxn(Hp).
Theorem 4.1.

Let A, B be dual quaternion matrices, ¢ € Hp and Q € M,,(R). The conjugate of dual quaternion
matrices meets the properties below:

(iv) AB=AB, for A € Myn(Hp), B € My.p(Hp),
(V) QA=QA, forQ € M,(R), A € M,(Hp),
(vi) AA=(AA), for A e M,(Hp).

Proof:
(1), (11), (111), (v) and (vi) are easily demonstrable. We shall demonstrate (iv):
Let A=A+ Bi+Cj+ Dk € Myyn(Hp)and B = Ay + Byi + Cyj + Dok € My,(Hp).
Then, from Equation (3),
AB=AAy— (ABy+ BAy)i— (ACy+C Ay)j — (ADy+ D Ay) k.
On the other hand, we obtain

AB=AAy— (ABy+ BAy)i— (ACy+CAy)j — (ADy+ D Ay) k.
Thus, we getﬁ — AB. n

The transpose of dual quaternion matrix A= la,s] = A+ Bi+Cj+ Dk € M, ,(Hp) is defined
as

~

AT - [drs]T — [asr] E Mnxm(HD>7

Published by Digital Commons @PVAMU, 2024
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or
AT = AT 4+ BTi 4+ CT j 4+ DT k € My (Hp).
Theorem 4.2.

Let A, B be dual quaternion matrices, ¢ € Hp and @) € M, (R). The transpose of dual quaternion
matrices satisfies the following properties:

m@@F:AijeMmdmw

(11) (qA )TA: (]A AT q, fOTA € men(H]D))
(iii) (A+ B)T = AT 4+ BT, forA B € Myyn(Hp),
(iv) (AB)T = BT A", for A, B € M,(Hp).
Proof:

(1), (i1) and (iii) are easily demonstrable. We shall demonstrate (iv).

(iv) Let A=A+ Bi+Cj+Dk,B=Ay+ Byi+Cyj+ Dok € M,(Hp).
Then from Equation (3)

(AB)T = AL AT + (BT AT - AL BY)i + (CT AT - AL CT) j + (DY AT + AT D7) k.

On the other hand, for AT = AT + BT i+ CT j+ DT kand BT = Ay," + BT i+ Cy" j+ D" k
we can obtain

BT AT = AT AT 4 (BF AT + AT BTy i+ (CF AT + AT CT) j + (DY AT + AT D7) k.
Thus, we get (A B)T = BT AT,

The conjugate transpose of dual quaternion matrix A= la,s] = A+ Bi+C j+ Dk € My,»n(Hp)
is defined as

A* = [&rs]* = [d_sr} S Mnxm(HD> or A* = AT - BTZ - CT.] - DTk € Mnxm(HD)
Theorem 4.3.

Let A, B be dual quaternion matrices, ¢ € Hp and @ € M, (R). The conjugate transpose of dual
quaternion matrices satisfies the next properties:

(i) (A)T = (A7), for A € My yn(Hp),

(i) (qA)" =gA* = A*q, for A € My,.n(Hp),

(i) (A+ B)* = A* + B*, for A, B € My (Hp),
(iv) (AB)* — B* A*, for A, B € M,(Hyp),

V) (QA) A* Q", for Q € My(R), A € M, (Hy).
Proof:

(1), (i), (ii1) and (v) are easily demonstrable. Now we will demonstrate (iv):

https://digitalcommons.pvamu.edu/aam/vol19/iss1/5
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Let A = A+Bi+Cj+ Dk, B = Ay + Byi+Cyj+ Dy k € M, (Hp). Then, from Equation (3)
(AB)* = [AAy; — (ABy+ BAy)i— (ACy+ C Ay) j — (ADy + D Ay) k]¥
=AY AT — (B AT + AT BT)i — (CT AT + AT CT)j — (DI AT + AT DT k.
On the other hand, for A* = AT — BT — CTj— DT kand B* = A" — BT i — G, j — D" k
we can obtain

B* A* = AT AT — (BT AT + AT BTYi — (CT AT + AT CT) j — (DY AT + AT DTk
Thus, we find (A B)* = B* A*. n

4.3. The Inverse of Dual Quaternion Matrix

We shall examine the inverse of dual quaternion matrix using three distinct methods. Here, we will
define the inverse of this matrix with the inverse of the real part. However, we will show that the
dual quaternion matrix inverse can also be found using adjoint matrix, real matrix representation
of this matrix by Theorem 5.1 / (v) and Corollary 6.1.

Theorem 4.4.
Let A, B € M, (Hp),if AB =1, then BA=1I,.

Proof:
Observe first that the theorem is true for real matrices. Now, let A=A+ Bi+C J+ Dk and
B = Ay + Byi+ Cy j + Do k be dual quaternions.
AB=AAy+ (ABy+ BAy)i+ (ACy+ CAy)j+ (ADy+ D Ay k
=1, =1,+0,i+0,j+0,k. (6)
From Equation (6) we get

AAy =1,
ABQ+BA2 = 0717

ACy +C Ay =0, ™
ADy+ DAy =0,.
When we solve Equation (7), we obtain
Ay A =1,
B = —A BQ A,
C=—AC, A, ®)
D=—-AD,A.
By using Equation (8), we get
Ay A=1,,
B, A+ Ay, B=0,,

Co A+ Ay C =0,
Dy A+ Ay D =0,

Published by Digital Commons @PVAMU, 2024
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Finally, by using Equation (9), we find
Ay A+(Bo A+ Ay B)i+ (Co A+ Ay C)j+ (Dy A+ A D) k
= (Ay+ Byi+ Cyj+Dok)(A+Bi+Cj+Dk)
BA=1,40i+0j+0k

>

n-

Theorem 4.5.
Let A= A+ Bi+Cj+ Dk e M,(Hp) and A, B, C, D € M,(R).If det(A) # 0 and A is
invertible, and the inverse of this matrix can be found as follows:

A V= ATAAT (10)

Proof:

Let A = A+Bi+Cj+ Dk and B = As + Bsi+ Cy j + Do k be dual quaternions. When we
solve Equation (7), we can also obtain

Ay = AT,
By= —A'BA,
e — A1 A (h

D2 = —A_l DA_l.
By using Equation (11) in B, we get

AT=A7T—(A'BA Y i—(ATCA Y j—(A'DA Yk
=A'"(A-Bi—-Cj—DEk) A"
i

Remark 4.2.
A € M, (Hp) is invertible if and only if A € M, (R) is invertible, namely det(A) # 0.

Example 4.1.

1—i 2—j 3—k

Let A= |—i+jl—k 2+2j € M;(Hp). We can show A as
34 24i—i—j—k
123 -10 0 0-10 00 -1
A=1012{+|-100 |24+ {12 0 2|54+ ]|0-1 0 |k
320 —-11-1 00 —1 00 -1

https://digitalcommons.pvamu.edu/aam/vol19/iss1/5
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4 —6 -1
Since det(A) #0, A=' = | =6 9 2 | and by using Equation (10), we get
3 —4-1
[ 4 61| [1+i24+5 3+k 4 —6—1
Alt=1-69 2| |i-jl+k 2—-25|]|-69 2

|3 —4—1] [34+i2—ii+j+k| |3 —4—1
4 —21i+33j+45k —6+31i—447—66k —1+6i—9j— 15k
= | —6+38i—48)—66k 9—56i+645j+97k 2—11i+13j+22k
| 3—17i4+195+30k —4+25i—25j —44k —1+5i—5j — 10k

[ 4 —6—1 —-21 31 6 33 —44 -9 45 —66 —15
=|—69 2|+ |38 =56—-11|i+ |—48 64 13| j+ |66 97 22 | k.
| 3 —4-1 —17 25 5 19 —-25-5 30 —44 -10

MATLAB allows us to obtain the dual quaternion matrix’s inverse by Equations (11) in Example
4.1. Equations (11) are the real matrices of the inverse matrix. In the box below is the MATLAB
command followed by the output. With this command, we can find the real matrices of the inverse
of the dual quaternion matrix.

> A=[123;012;320];
B=[-100;-100;-11-1];
C=[0-10;102;00-1];
D=[00-1;0-10;00-1];

X1=inv(A)

X2=-inv(A)*B*inv(A)
X3=-inv(A)*C*inv(A)

Xd= -inv(A)*D*inv(A)

[transpose(X1’) transpose(X2') transpose(X3’) transpose(X4')]
ans =

4-6-1 21 31 6 33-44-9 45-66-15
-69 2 38-56-11 486413 -66 97 22
34-1 -17255 19-25-5 30-44-10

Theorem 4.6.
Let A, B € M,(Hp), q € Hp (non-pure dual quaternion) and Q € M, (RR). After that, conditions
are fulfilled below:
i) (A" = q—l A=1if A is invertible
(i) (AB)™! 1A_1, if A, B are invertible,
(iii) (é*) = (A7), if Ais invertible,
(iv) (A)~! ( ) if A is invertible,
(v) (AT)! DT if A is invertible.

Published by Digital Commons @PVAMU, 2024
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Proof:
(1), (i1), (iv) and (v) may be simply demonstrated. Now, we will demonstrate (iii).

If A is an invertible dual quaternion matrix, we can write

~

AA T =ATA=1, (12)
Then, we take the conjugate transpose of Equation (12), (A A=1)* = (A-! A)* = (I,)*, and by
using Theorem 4.3 property (iv), we get
(A1) (A) = (A) (A7) =,
So, (A)* is an invertible, and we get (A*)~! = (A~1)*. -
Example 4.2.
Let A = Btjz;/]zzij_fk:}’ 3 — {_12'_:7,‘7'_ I 1+ i —_i_‘;—i_ b € Ms(Hp). Then,

S R 5
(I)AB—[ —k 1—i—2j—k b
. 1+

T _ =B" A"
(i) (AB)" = {1+Z_2k1+z+2j+k]_3 A"

1—i+2k } ==

The feature (ii) is obtained on Example 4.2 with MATLAB. In the box below are the MATLAB
command and output. We can find the real matrices of property (ii) on Example 4.2 with this
command.

> A=[0 1;1 0];
B=[10;-11];

C=[10;01];

D=[-1-1;1 -1];

A2=[0 1;-1 1];

B2=[1 1;0 0];

C2=[1 1;1 -1];

D2=[0 1;-1 0];
X1=transpose(A*A2)
X2=transpose(A*B2+B*A2)
X3=transpose(A*C2+C*A2)
X4=transpose(A*D2+D*A2)
[transpose(X1’) transpose(X2') transpose(X3’) transpose(X4')]
ans =

-10 00 10 01

1111 02 21

https://digitalcommons.pvamu.edu/aam/vol19/iss1/5

12



Nalbant and Yiice: Dual Quaternion Matrices and Matlab Applications

AAM: Intern. J., Vol. 19, Issue 1 (June 2024) 13

4.4. The Power of the Dual Quaternion Matrix

Dual quaternion matrices’ power can be calculated with the theorem below.

Theorem 4.7.
Let A=A+ Bi+Cj+ Dk e M,(Hp). Then, we get for m > 0,
m—1
Am=A" 4y A" (Bi+ Cj+ D) A" (13)
r=0
Proof:

We will prove Theorem 4.7 by the inductive method. When m = 1, both sides are the same, so
Equation (13) is correct for m = 1. Let t € Z* and consider Equation (13) is correct for m = t.
Later
t—1
A = (A4 Bi+Cj+Dk) (A" +) A" (Bi+Cj+Dk)A")
r=0
t—1
= A 4 (Bi+Cj+Dk)A'+ A AT Y Bi+Cj+Dk)A").
r=0
It follows that:
t—1
At-{-l: At+1—|—(B’é+0j+Dk)At—|—(ZAt_T(Bi+Cj+Dk)AT)

r=0

t
= AT LY AT(Bi+Cj+ Dk) A"

r=0
Thus, Equation (13) holds for m = t 4 1 and using induction method, Equation (13) is correct for
allm e Z+. n
Example 4.3.
i 4—1+2j+k—-1+0+2k A
LetA—{ Y43k 24i—j }EMQ(HD).WecanshowAas

A 4—1+—114+20 L 12k
22 01" " |3-17" |-10]"
Then, we get the 5-th power of dual quaternion matrix A by using Equation (13),
o 304 — 3167+ 7847 + 2436 k —316 4+ 3167 — 2405 — 136 k
N 632 + 1428 5 + 1220k  —328 + 3167 — 6447 4+ 584k
304 —316 —316 316 . 784 —240| . |2436 —136
+ J k.

632 —328 0 316]" 1428 —644 1220 584

We can obtain the power of the dual quaternion matrix in Example 4.3 with MATLAB by Equation
(13). In the box below are the MATLAB command and output. We can find the real matrices of the
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power of dual quaternion matrix in Example 4.3 with this command. Moreover, the higher power
of the dual quaternion matrix can be calculated.

> n=2;

m=5;
A=[4-1;22];
B=[-11;01];
C=[20;3-1];
D=[1 2;-1 0];
X1=zeros(n,n);
X2=zeros(n,n);
X3=zeros(n,n);
X4=zeros(n,n);

> X1=A"m

for r=0:m-—1
X2=X2+4 (Am —r—1)) % Bx A'r;
X3=X3+(A"m—r—1))xCx A’r;

X4 =X44 (A"m—r—1))xDx*x A’r;

end

[transpose(X1’) transpose(X2') transpose(X3’) transpose(X4')]
ans =

304 -316 -316316 784 -240 2436 -136

632 -328 0316 1428 -644 1220 584

4.5. The Trace of the Dual Quaternion Matrix

For A= A+ Bi+ Cj+ Dk e M,(Hp), the trace of dual quaternion matrix A is described as

i) = Zdr’r = Zarr + Zbrri+zcrrj +Zdr7‘k
r=1 r=1 r=1 r=1 r=1
=tr(A) +tr(B)i+tr(C)j + tr(D)k,
and indicated by tr(A).

Theorem 4.8.

Let ¢ € Hp, Aand B € M,,(Hp). In that case, the following conditions are met:

(i) tr(AB) = tr(BA
(ii) tr(/l + B
(i) tr(Aq) =

H_\_/
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Nalbant and Yiice: Dual Quaternion Matrices and Matlab Applications

AAM: Intern. J., Vol. 19, Issue 1 (June 2024) 15

Proof:

(i1) and (iii) may be simply shown. Now we will demonstrate (i).

Let A = [y, B = [by] € M, (Hp).

s=1
and
BA = [Bst”&tr] == [ Estdtr] [Czsr]-
t=1
Then,
t’l”(AB) - Z Crp = Z Z &ngsra
r=1 r=1 s=1
and
0 BA) =3 =30 i
r=1 r=1 t=1
So, we get tr(AB) = tr(BA). -

5. Real Matrix Representation of Dual Quaternion Matrices

This section will discuss the relationships between dual quaternion matrices and their real matrix
counterparts.

Let A= Al1+BI+C J+D K be adual quaternion matrix. We shall establish the linear map % A
as R : M, (Hp) — M,(Hp) such that R ;(B) = A B. With the basis {1, I, J, K'} of the module
M,,(Hp) and this operator, we may find

~

Ri(1)=Al=A1+BI+CJ+ DK,
Ry[N)=AI=01+A1+0J+0K,
Ri(J)=AJ=014+0I+AJ+0K,

RyK)=AK=01+01+0J+AK.
Later, the real matrix representation is obtained and shown below:
A0, 0, 0,
B A0,0,

co, A0,
DO0,0, A

R;= € Sin(R), (14)

Anx4n

where Sy, (R) C My, (R) and Sy, (R) is a special subset of My, (R).
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Example 5.1.

1, I , J and K’’s real matrix counterparts are

0,1,0,0, |1, 0,
Ry = 0,0,1,0, Ry = 0,0,
0,0,0,0, Oy
0,0, 0,0, B
Ri=11,0,0,0, R =10, 0,
0n 05 0 0],y 1,0,

where 1,f,j,f( € i g, N €
RiR; = RN = R = NeRN; = (e RNy =
R =R = R = 0,

Example 5.2.
o [14+7i—3j+8k 4—2i+ j+6k
Lot A= |y 1305 —3ka+5idj+ak) < MaUHo)

After that, the real matrix representation of Ais

1 4 000000
4 3000000
7 —=2140000
3 5430000
-3 1001400
5 —4004300
8 6 000014
|—3 4000043,

C>§D o
o C)éD o
o CDéD o
o C>§D o

S

3
3

3

C>§D o O
CDéD o O

3

"l 4nx4dn

3
3

3
3

Anx4n

R Ry =

K.G. Nalbant and S. Yiice

Su4n(R). Besides, these matrices satisfy

0477,’ %g =

i ]4n7

MATLAB is used to determine the actual representation of the dual quaternion matrix
in Example 5.2. In the box below is the MATLAB command followed by the output.

https://digitalcommons.pvamu.edu/aam/vol19/iss1/5
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> m=2;

A=[14;4 3],

B=[7 -2;3 5];

C=[-31;5-4];

D=[8 6; -3 4];

Zero=zeros(m);

Rel=vertcat(A, B, C, D);
Re2=vertcat(Zero, A, Zero, Zero);
Re3=vertcat(Zero, Zero, A, Zero);
Red=vertcat(Zero, Zero, Zero, A);
Re=horzcat(Rel, Re2, Re3, Re4)
Re =

14000000

43000000

7-2140000

35430000

31001400

5-4004300

86000014

34000043

Theorem 5.1.

Let u € R, A, B € M, (Hp). Thus, next conditions are met:

(iii) X435 = NN 5,
(iV) %“A = M%A,
v) (R '=R,_.if A and 51%;11 exist,
(vi) R4r # (R;)7 in general,
(vii) R4 # §RZ in general,
(Viii) %Z = 2§RA - %A’
(ix) %A%Z: &EAZ +8%AA — R 2.

Proof:
(1), (i1), (iv), (v), (vi), (vii), (viii) and (ix) are easily demonstrable. We shall demonstrate (iii).

Let A = A+ Bi+Cj+ Dk, B = A, + Byi+ Cyj+ Dok € M, (Hp). Then, the real matrix
counterparts of A and B are

Published by Digital Commons @PVAMU, 2024
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A0,0,0, As 0, 0, 0, A A, 0, 0, 0,
B A By, A ABy,+BAs AA

§RA _ On On §RB _ 2 2 On On §RA éRB — 2 + 2 2 On On

c0,A0,|’ Cy 0, A2 0, |’ ACy,+CAy, 0, AAy 0,
DO0,0, A Dy 0,, 0,, A ADy+DAy 0, 0, AA,

On the other hand, A B = AAs+(ABy+BAy)i+(ACy+C As) j+ (A Do+ D Ay) k. Therefore,
we find

AA, 0, 0, 0,
ABy,+BAy; AA, 0, O,
ACy+CAy, 0, AAy, 0,
ADy+DAs, 0, 0, AA

Rip=

Thus, weget%AB :%A%B' [ ]

Definition 5.1.

Let A= A+ Bi+Cj+ Dk € M,(Hp) and Q € M,(R), where A, B, C, D € M,(R).
The Kronecker product of an n x n dual quaternion matrix with 4n x 4n real matrix is defined as
follows:

A0, 0,0, QA 0, 0, 0,
BA0,0,| |[QBQAO, 0,
C0,A0,| — |QC 0, QA 0,
DO0,0, A QD 0, 0, QA

QR =Q® (15)

Theorem 5.2.
Let Q € M,(R), A, B € M,(Hp),and R ;,R 3, Ro € Sin(R). Thus, the next conditions are met:

(1) Q®§RA:§RQA:§RQ§RA’

(i) Q@ (Ri+RNp) =QOR; + QO Ry,
(ii1) (Ql + QQ) ®%A =0 ®3?A + Q- ®%A, for 1, Q2 € Mn(R),
(iv) (Q1Q2) @RN; =01 @ (Q2 ® Ry), for Q1, Q2 € M,(R).

Proof:

(i1), (i11) and (iv) are easily demonstrated. Now shall prove (i).
Let A= A+ Bi+Cj+ Dke M,(Hp), R; € S4n(R) and Q € M,(R).

Q

o
3
o

n vn

0
Oy,
0

n

3
LSO
QOF

Also, g = . From Equation (15) and Equation (4), we get

3

S

o O
3

o

3

0
0
0
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QA 0, 0, 0,
QBQA 0, 0,
QC 0, QA 0,
QD 0, 0, QA

Q®%A: :%QA:%Q%A' n

6. The Determinant of the Dual Quaternion Matrix

The determinant of a dual quaternion matrix A is a dual quaternion number and is denoted by
det(A). Let S,, be the symmetric group on {1,2,...,n}, S(o) be the sign of permutation o and n
be a positive integer.
Definition 6.1.
Let A = [a,,] € M,,(Hp) and the determinant of A dual quaternion matrix is
det Z S ag(1)1a0(2 da(n)nu
o€S,

where the sum is over all permutations of n elements.

Remark 6.1.

If A is an identity dual quaternion matrix, then det(A) = 1. det(A) is identical to the normal
determinant and possesses the same qualities as the normal determinant.

Example 6.1.

o =i+ 24k —1+i+2k
Lt A= ai3jk 2+i-j
determinant of A as det(A) = 10 + 35 — 3k.

€ My(Hp). Then, by using the definition, we find the

Example 6.2.

1—i 2—j 3—k
LetA=|—i+jl—k 2+2j € M;(Hp). Then, we find the determinant of Aas
3—1 2+i—i—j5—k
det(A) = =1 — 6i + 7j + 11k.
Theorem 6.1.
Let A=A+ Bi+Cj+ Dk e M,(Hp) be a matrix that is invertible. Thus, we obtain

det(A) = det(A)(1 + tr(A™'B)i + tr(A7*C)j + tr(A™*D)k). (16)
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Proof:

Since A is an invertible matrix, we can write A as A = A(I, + (A"'B)i+ (A~1C)j + (A"'D)k).
Then,

det(A) = det(A) det(I, + (A'B)i+ (A7'C)j + (A'D)k). (17)
If we use determinant expansion, we get
det(I, + (A'B)i+ (A7'C)j + (A'D)k) = 1+ tr(A'B)i+tr(A'C)j +tr(A'D)k. (18)
From Equation (17) and Equation (18), we get

det(A) = det(A)(1 + tr(A™'B)i + tr(A7*C)j 4 tr(A™*D)k). n
Example 6.3.
The determinant of a dual quaternion matrix can be found in the Example 6.2 with Theorem 6.1.
3 —1-1 —6 —4 —11 06 =3
AT'B=|-52 2| JA7'C=|9 6 16 | ,A'D=[{0-9 4 | anddet(A) = —1.
2 —-11 —4 -3 =7 04 =2

Then, we obtain the determinant of A by Equation (16) as det(A) = —1 — 6i + 7j + 11k.

Theorem 6.2.

Let A=A+ Bi+Cj+ Dk M,(Hp), where A, B, C, D € M,(R), R; € Si,(R), then we
get,
4

det(R ;) = Hdet(zx) — (det(A)™. (19)

Proof:

From Equation (14) and Equation (16), we can obtain Equation (19). m

MATLAB enables us to determine the determinant of a dual quaternion matrix, as seen in Example
6.2. In the box below is the MATLAB command followed by the output.

> A=[123;012;320];

B=[-100;-100;-11-1];

C=[0-10;102;00-1];

D=[00-1;0-10;00-1];

X1=det(A);

X2= det(A)*trace(inv(A)*B);

X3= det(A)*trace(inv(A)*C);

X4= det(A)*trace(inv(A)*D);

disp(['Det= "num2str(X1)" ‘num2str(X2)" i + 'num2str(X3)’ j + 'num2str(X4) k' )
Det=-1-61+7j + 11k

https://digitalcommons.pvamu.edu/aam/vol19/iss1/5
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Theorem 6.3.
Let A= A+ Bi+Cj+ Dk e M,(Hp) matrix be invertible. Thus,

det(A) = Zdet [A|B),))i + Zdet [A]C],))j + Zdet [AID] )k (20)
s=1 s=1
Proof:
Let A=A+ Bi+ Cj+ Dk € M,(Hp). By det([A|B];), det([A|C]s), det([A|D]s) and usual
determinant of A, Equation (20) could be found, easily. m
Remark 6.2.

The matrices [A|B];, [A|C]s and [A|D]s mean changing s. column components of the matrices
B, C and D instead of s. column components of matrix A.

> m=3;
A=[123;012;320];
B=[-100;-100;-11-1];
C=[0-10;102;00-1];
D=[00-1;0-10;00-1];
Aoriginal=A;

X1=det(A);
X2=0;

X3=0;

X4=0;
forr=1:m
A(G,r) =B(,);

X2 = X2+det(A);
A=Aoriginal;

end
> forr=1:m
A(,r) =C(.,p);

X3 = X3+det(A);
A=Aoriginal;

end
forr=1:m
A(:,r) =D(:,p);

X4 = X4+det(A);

A=Aoriginal;

end

disp(['Det= "num2str(X1)" 'num2str(X2)’ i + 'num2str(X3)’ j +'num2str(X4) k' 1)
Det=-1-61+7j + 11k
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Determinant of the dual quaternion matrix could be found in Example 6.2 by Equation (20) with
MATLAB. In the box below is the MATLAB command followed by the output.

Remark 6.3.

Applying the determinant in three distinct methods to the displayed matrix in Example 6.2 yielded
equal outcomes. It’s not easy to determine the determinant of a dual quaternion matrix directly.
The determinant can be easily calculated by the methods in Theorem 6.1 and Theorem 6.3.

Definition 6.2.

Let A = la,s] € M, (Hp) be a dual quaternion matrix. Minor of A= [a,s] is indicated by det(Mrs)
and is defined to be the determinant of the submatrix that remains after the 7" row and s** column
deleted from A. The number (—1)"**det(M,.) is denoted by A, and is called the cofactor of [éi,].
The adjoint of A is the matrix’s transposition obtained by replacing each element of A= [a,s] with

~

its cofactor. It is denoted as adj(A).

A A A T
1‘}11 1‘}12--.1‘}171
. A9y Aos ... Ay,
adj(A)y= |70
AL Ay A

Then, the following theorem and corollary can be stated without proof.

Theorem 6.4.

Let A = [d,,] € M, (Hp) be an invertible dual quaternion matrix. We get

Al A

Aadj(A) = adj(A)A = det(A)I,.

Proof:
o | anAn Y A .Y awA
aig Ay - .. Ay Ay A o Ay, kﬁl ) kﬁl ) kﬁl .
. . Qo1 Qo ... Gon | | Agy Aoy ... Agy, Aok Arg Y GopAak ... Y GopAnk
Aagiy — |t fon | A A g e g e g
&nldvﬂ-”&nn AnlAn2Ann LU ~ TLA. “ no N
Z nkAlk’ Z ankAZk’ . Z ankAnk
L=1 k=1 k=1 _
det(A) 0 ... 0 10...0
0 det(A)... 0 . 101...0 o
= . o , =det(A) |.. .| =det(A)I,
0 0 ...det(A) 00...1
Similarly, if adj(A)A is calculated, then we obtain A adj(A) = adj(A)A = det(A)I,. n
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Corollary 6.1.
Let A = la,s] € M,(Hp) be an invertible dual quaternion matrix. We obtain

o 1 o

-1 .
- —adj(A). 1)
der ) "I

Proof:
From Theorem 6.4, we have

Aadj(A) = det(A)I, (22)
Since det(A) # 0, we can divide Equation (22) by det(A), we get Adetl(/i) adj(A) = I,. So, we

41 1 o2

obtain A~ = o) adj(A). n
Example 6.4.

We may obtain the inverse of A by using Corollary 6.1 on Example 4.1. Then, we find the adjoint
matrix
) —4—-31+5j—k 6+5Hi1+2j 14+254+4k
adj(A) = 6—-2:+65 —-942i—74+2k -2—-i+j |,
—3—1+2j+3k 4+i—-37 14+1—-25—k

and det(fl) =—1—-67+4+ 775+ 11k. So, we find the inverse matrix by using Equation (21)

4—-2194+33j4+45k —6+311—445—-66k —14+67:—95— 15k
Al = |—6+38i—48j—66k 9—56i+645+97k 2—11i+ 135+ 22k
3—171+195+30k —4+25¢—-255—44k —1+5i—-57—10k

Example 6.5.
det(R;) = 1, det(R;) = det(R;) = det(Ry) = 0.

Hence, we may find the inverse of A on Example 4.1 using Theorem 5.1 property (v). The fol-
lowing example demonstrates how to invert a dual quaternion matrix using the inverse of its real
matrix representation.

000000000]
000000000
000000000
123000000
012000000

. . 2 . ~1320000000
The real matrix representation of A on Example 4.1 is ® A= 10 210000123000 . Here,
1 0 2000012000
0 0 -1000320000
0 0 1000000123
0
0

Example 6.6.

SO OO N W

2
1
2
-1 0
0
1

-1 0000000012
0 —1000000320]
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det(R ;) =1 # 0. Hence, A is invertible. (% ;) ! is found using MATLAB as below:
[4 -6 =1 0 0 0 0 0 O 0 O O]
-6 9 2 0 0 0 0 0 0 0 0 O
3 -4 -10 0 0 0 0 0 0 0 O
-21 31 6 4 -6-10 0 0 0 0 O
38 =56-11-6 9 2 0 0 0 0 0 O
® A)*l _ -17 25 5 3 -4-10 0 0 0 0 O
A 33 —44 -9 0 0 0 4 -6-10 0 O
—-48 64 13 0 0 0 -6 9 2 0 0 O
19 =26 -5 0 0 0 3 -4-10 0 O
45 -66-150 0 0 0 O O 4 —6-1
—66 97 22 0 0 0O 0 O 0 -6 9 2
130 —44-10 0 0 0 0O 0O 0 3 —4-1

By using the inverse of 3t ;, we find
4-21i+33j+45k —6+31i—44j—66k —1+6i—9j— 15k

A = | -6+38i—485—66k 9—56i+645+97k 2—11i+13j+22k
3-17i+19j+30k —4+25i—25j—44k —1+5i—5j— 10k

Corollary 6.2.

Let A € M,(Hp) be an invertible dual quaternion matrix and adj(A) be the adjoint matrix of A.
Then, we get det(adj(A)) = (det(A))" .

Proof:
Taking determinants on both sides of the Equation (22), we get det(det(A)I,) = det(A adj (fl))
and det(A)" = det(A) det(adj(A)). Finally, we obtain, det(adj(A)) = W(( A>)>’ (det(A))n

The main results presented in this paper concern the study of the algebras Hy and M, (Hp). We
gave the comparison of real and dual quaternions in Table 1. Moreover, we compared our results
and methods for dual quaternion matrices with real quaternion matrices in Table 2.

Table 1. Comparison of Real and Dual Quaternion

Real Quaternion (Hpy) Dual Quaternion (Hp)
P=j2=k’=-1, ij=—ji=kFk, =42 =k’=0,
jk=—-kj=1t, ki=—ik=j. 1j=ji=jk=kj=ki=1ik=0.
Multiplication is non-commutative. Multiplication is commutative.

The set Hp is a division algebra (Lewis, 2006; Zhang, 1997). The set Hp is not a division algebra.
All non-zero elements of quaternions are invertible (Lewis, 2006). Pure dual quaternions are not invertible.
The set Hp is a ring (Lewis, 2006). The set Hp is a commutative unital ring
under dual quaternion multiplication.
The set Hp is a 4-dimensional vector space on R The set Hp is a 4-dimensional vector space on R
and isomorphic to the R* (Zhang, 1997). and isomorphic to the Galilean space G,
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Table 2. Comparison of Real and Dual Quaternion Matrices

Real Quaternion Matrices (M, (Hg))

Dual Quaternion Matrices (M, (Hp))

The set M, (HR) is a vector space on Hy (Zhang, 1997).

The set My, (Hp) is an n? dimensional module on Hp.

The set My, (Hp) is a 4n? dimensional vector space on R.

The set My, (Hp) is a 4 dimensional module on My, (R).

The set M, (Hy) is a division algebra.

The set My, (Hp) is not a division algebra.

The set My, (Hg) is a ring.

The set My (Hp) is a ring.

No general formula is found in the literature
for the power of real quaternion matrices.

The power of the dual quaternion matrix can be found.
Let A=A+ Bi+Cj+Dke My(Hp)andm > 0.

. m—1
A =A™ 4 S AT Y(Bi+ O+ Dk) A
r=0

Inverse of quaternion matrices could be found.
But no general formula is found for the inverse of
quaternion matrices in the literature.

Let A=A+ Bi+ Cj+ Dk € Myn(Hp). If det(A) # 0,
then dual quaternion matrix A is invertible and
inverse of this matrix can be found as follows:

Al = A" AAL

The generalization of the adjoint matrix’s inverse
approach to quaternion matrices is quite challenging.

We generalized the inverse method of the adjoint
matrix to dual quatermon matrlces

,1_
A dt(A) adj(A).

It is very difficult to generalize the determinant
of the real matrix to quaternion matrices.

det(A) is the same as the usual determinant and
has the same properties as the usual determinant.

No formula is found by using trace for determinant
calculation.

Let A=A+ Bi+Cj+ Dk e My(Hp)
be an invertible matrix.
det(A) = det(A)(1 4 tr(A~ B)i + tr(A~

L0)j + tr(A7ID)k).

Let A, B be real quaternion matrices. Real
quaternion matrices satisfy the properties listed below:
AB ;é AB, forAc Man(HR) Be My xp(HRr),
(A ) 75 BT AT for A, B € My,(Hg), (in general)
(A)~1 # (A1), if A is invertible, (in general)
(ATY=1 £ (A~YHT if Ais invertible. (in general)

Let A, B be dual quaternion matrices. Dual
quaternion matrices satisfy the properties listed below:
AB=AB, for A€ Myxn(Hp), B € Mpxp(Hp),
(AB)" =BT A, for A, B € My (Hp),

—1 — (A-1),if Ais invertible,
(AT)=t = (A=HT | if A is invertible.

7. Conclusion

Our work is to examine dual quaternion matrices theoretically and include practical examples
for those working in applied fields. Users who do not use MATLAB can be inspired by applied
MATLAB programs and adapt them to the programs they use. It will be easier to solve examples
with large matrix sizes with MATLAB. This study is critical because it is an applied study related
to quaternion matrices. Real quaternions and real quaternion matrices have been the subject of
significant research in academic journals. There is just a handful of published research on dual
quaternions. In this study, the novel aspect of our research, a set of dual quaternion matrices, will
be defined for the very first time, and its features will be described in detail for the first time. In
addition to this, the study’s significance lies in the fact that it is an applied investigation into dual
quaternion matrices. Within the confines of this investigation, not only will the dual quaternion
matrices that were the subject of our investigation be defined for the very first time, but also the
intricacies of their characteristics will be investigated for the very first time. Our investigation has
led to the discovery of this one-of-a-kind and very important addition. In addition, the value of this
study cannot be overstated because it is an applied piece of research that addresses dual quaternion
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matrices, and the fact that it does so alone makes it an incredibly essential piece of work. Users
who do not work with MATLAB can take concepts from applications built with it and implement
them in the software with which they work.

We found that many methods that cannot be generalized with real quaternion matrices can be gen-
eralized with dual quaternion matrices. This study investigated the basic and additional properties
of dual quaternion matrices. In addition, real matrix representations of these matrices and the fea-
tures of these matrices were constructed. These were employed in determining the determinants
and inverses of the dual quaternion matrices. Also, several kinds of determinants and inverses of
dual quaternion matrices were devised, and MATLAB apps were built to make solving instances
with these approaches easier. The characteristics of real quaternions and dual quaternions have
been compared and contrasted with one another.

Moreover, our results and methods for dual quaternion matrices with real quaternion matrices
were compared. Obtained results and methods were contrasted with the fundamental features of
the quaternion matrix. In future studies, we will analyze additional features of real quaternion
matrices and examine these aspects for dual quaternion matrices.
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