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Abstract

In this paper, we study a class of compatimental epidemiological models consisting of Suscepti-
ble, Infected, and Removed (S R) individuals with a perturbation factor or exterior effects such as
noise, climate change, pollution, etc. We prove the existence and uniqueness of a limit cycle con-
fined in a nonempty closed and convex set by relying on a recent result of Lobanova and Sadovskii.
Moreover, we study the existence of Hopf and Bogdanov-Takens bifurcations by applying respec-
tively Poincare-Andronov-Hopf bifurcation theorem and Bogdanov-Takens theorem. Eventually,
using Scilab, we illustrate the validity of our results with numerical simulations and also interpret
them.

Keywords: SIR epidemiology model; Perturbation factor; Closed convex set; Metric projection;
Hopf bifurcation; Bogdanov-Takens bifurcation; Limit cycle

MSC 2010 No.: 37G15, 92D30

1. Introduction

The compartmental epidemiological models SIR originating from the work by Kermack
and McKendrick in Kermack and Mckendrick (1927), Kermack and Mckendrick (1991), and
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Martcheva (2015) on the plague epidemic in India, are the simplest epidemiological models of-
ten used to describe a disease spread in a population over time. In this model, the whole population
under consideration is divided into the three following disjoint categories (compartments) of indi-
viduals:

e S: consisting of healthy individuals who may be infected (susceptible).

e I: consisting of infected and infectious individuals with a probability § (representing the rate)
of transmission of the disease from an infected person to a healthy person.

e R: consisting of individuals removed or recovered, not likely to be infected because they are
cured and immune or have died, with the probability v representing the cure rate, i.e., the inverse
of the average duration of symptoms (Villani (2020); Sallet (2010)).

Throuhgout this paper, we assume that individuals R can lose their immunity with probability ~
without dying and that the total population is constant during the epidemic. We also assume that
susceptible and infected individuals are confined to a closed convex environment (no immigration
of the two groups outside the environment, e.g., the confinement of populations during the COron-
aVlIrus Disease 2019 (COVID—19) pandemic). Furthermore, we have taken into account external
effects on this environment, e.g., the effects of climate change on the environment or environmental
pollution.

This paper is organzed as follows: Section 1 is devoted to the introduction. In Section 2, we present
our mathematical model. The existence and number of equilibrium points and the local dynamics
of this system are studied in Section 3. In Section 4, we prove the existence of Hopf bifurcation
and Bogdanov-Takens bifurcation. The existence and uniqueness of a limit cycle of which orbit
is stable are studied in Section 5 by using Lobanova-Sadovskii theorem (Lobanova and Sadovskii
(2007)) in the line of Appell, Merentez and Sanche (Appell et al. (2017)). Moreover, we illustrate
the validity of the results with numerical simulation using Scilab. Finally, we conclude in Section
6.

2. Mathematical model

The total population N(t) = S(t) + I(t) + R(t) of the epidemiological model SIR described in
the introduction is assumed constant N (¢) = N, throughout the duration of the epidemic. Thus,
this three variable model can be reduced to a two variable model S(t) = z(t) and I(t) = y(t).
Moreover, taking into account the possible external perturbations, we obtain the following model,

i =y (No—y) = (By+ )z +alz—.),

(D
y=y(Br—v)+aly —y.),
where
_ (v 2(BNo—v)
)= (50 ) .
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is the positive equilibrium point of (1) for o = 0, and
'LLQ(LC, y):()é(.%—l'*, y_y*)> &E(O,—l-OO), (3)

is the perturbation term.

Note that, since Ny =z + y + R, we have:
(x, y) € K := {([E, y) € [O, NO]Q, r+y< NO}.
Let Z = (21, 20) € R? suchthat Z +U* € K. So, Z € K — U*.
In the sequel, we consider the following set
Q= {(21, 2) € [—xs, No—z] X [—ys, No—us]; —(ys+2.) < 21420 < No—(y*er*)}.

Let Z = (21, 22) € Q. Then, there exists (z, y) € K suchthat z; =z —xz, and 22 = y — y..
By substituting x = 2; + z, and y = 23 + y, in the system (1), we obtain on () the following
system,
e
%1 fl( )7 (4)
R2 = fQ(Z)’
where the map f = (f1, f2) is defined from Q to R? by
filZ) = (a =7 =By )z — (v + V)22 — Bz1ze and fo(Z) = By.z1 + azy + Bz120.

In the sequel, we shall consider the system (4).

3. Local behavior of the system (4)

In this section, we study the dynamic behavior of the system (4) in a neighborhood of their equi-
librium points.

3.1. Equilibrium points of (4)

In this subsection, we study the existence of equilibrium points for the system (4).

Let 3, v, 7, Ny and o be some positive real numbers and let us set:

g = OENmCRPPEASIANY A (4N, 20— (1 ),

ao=(y+v)(v+v—PFNo)(y+2v—BNy), @ = (V+2:;§N0)V, Ty = Hwﬁf\/&,

= _ ytv+ByAvA. = y+BNo—VA1L = _ y+BNot+VA, _ — —
a3 = S , Qg = TRy = R A(a) = (- a)(a — @),

|e

a=y-"120 Bla)=a(a—a), Cla) = (a —aw)(a —as), E(a)=2=2(a—ap),

QI
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Rl:{(ﬁaV777a7No)€Ri, a<a@ Ala)>0, Cla)>0 and E(a)<()},
and

RQ:{(/87V777047N0)€R3_, ’7+V<Qf, A(Oé)<0, C(Oé)<0 and E(Oé)<0}

Moreover, let S = {Z =(z1, ) €Q; f(Z)= O} be the set of equilibrium points of (4).

Lemma 3.1.

(1) If(ﬁ? v, v, a, NO)EAIZRIUR27 then

S:{(O, 0). (a(a—v—ﬁy;)ja’)y(ﬂNo—u) 7 aly — ) )_y*>}’

with o # v and a # v+ v.
(2) Otherwise, S = {(0 , 0)}

Proof:

Let Z = (z1, 22) € Q.
f(Z)=0 = {(O‘ + B21)22 = —By.21,
((a= 7)1+ o= = By) +3(30 = )2 =0

(0 =7)z +ala—v = By.) +7(BNy —v) =0,

< 21 =29=0 or
{B(wv—a}(@ +y.) =a(y—a),

a#~ and o # v+,

o(a—y—By.)+7y(BNo—v)
( )B(v—a) ’

_ a(y-a

2= Bt Y

< z1=2=0o0r  z =

The equilibrium point Z, = (0, 0) is always inside Q).

The equilibrium point Z; is inside () if and only if its components z; and 2z, satisfy the following

condition:
0<2z1+2, <Ny, 0< 204y, <Ny, and 0 < 20+ vy + 21 + 2, < Np. &)
We have
Ala) B(a) C(o)
ntre=——"—, 2+, —No=——"—, 220+y.— Ny= ,
1 Bly—a)y "By —a) T " Bla—v-v)

https://digitalcommons.pvamu.edu/aam/vol19/iss1/10
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and
E(a)
Bly—a)(y+v—a)

214+ 20+ Ty +ys — Ny =

Thus, Z; = (21, 22) € @ if and only if
Ala) B(a) C(a)
T >0, <0,
By —a) By —a) Bla—vy—-v)
Thatis, (8, v, v, a, Ng) € 41 =R1 URs.

E(a)
By —a)(y+v—a)

<0 and <0. (6)

Hence, Z = (21, z2) ¢ @ ifandonly if (3, v, v, a, Ny) € Ay = (R1 URy)¢, where

Ay = (Rq URy)“ is the complementary of .4; = Ry U Ry in R.. The proof is completed. n

3.2. Local dynamic behavior of (4)

In this subsection, we are interested in the behavior of system (4) in a neighborhood of its equi-
librium points. Note that the local dynamic behavior of a dynamical system in a neighborhood of
each equilibrium point depends on the signs of the trace, determinant and of the discriminant of
the characteristic equation of its Jacobian matrix at this equilibrium point.

3.2.1.  Local dynamic behavior of (4) in a neighborhood of Zy = (0, 0)

Theorem 3.1.

(1) If By < B < By, then
(a) Zy = (0, 0) is a stable focus if and only if a < %
(b) Zo = (0, 0) is an unstable focus if and only if « > 20¢
(2) If B€ (05 B1)U (B2 +00), then
(@) Zp = (0, 0) is a stable focus if and only if « < «;.
(b) Zy = (0, 0) is an unstable focus if and only if « > as.
() Zp = (0, 0) is a saddle point if and only if «; < a < as.

Remark 3.1.

If o =2% and B, < B < B, then Zy = (0, 0) can be a focus or center.

If g€ { B ; Bg} and o = 7+25y*, then the system (4) can exibit a Bogdanov-takens bifurcation

at the neigborhood of Zy, = (0, 0), where

oy = v+By-—+/u(B) vy = w+ﬁy*;\/m7 w(B) =28 —B1)(B - Bo), Pr= Xi(y ) +v

2 ? No 9

_ Oty oy Y+2v—/v(v+27) d X, — Y2044/ v(v+27)
B2—T, 1= ———, _ an 2= 5 -

Published by Digital Commons @PVAMU, 2024
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Proof:
Forall (8, v, v, a, Ny) € (0,4+00)®, Zyg = (0, 0) is a equilibrium point of the system (4).

The Jacobian matrix of the system (4) at Z, = (0, 0) is
a—7=PYy. —y—v
M()(Oé) = )
By Q
of which trace and determinant are, respectively,

To(o) =2a — v — Py, and Dy(a) = (a 7 +25y*)2 _ u(f)

Let Ag(a) = To(a)? — 4Dg(ar) = u(B) be the discriminant of the characteristic equation of
MO(OZ).

oIf B, < B <P and a < W’fy*, we have Ty(a) < 0, Do(a) > 0and Ag(a) < 0. Then, Z,
is a stable focus.

olf 1 < <Py and a > %ﬁy*, we have Ty(a) > 0, Dg(a) > 0and Ag(a) < 0. Then, Z
is an unstable focus.

oIf B (0, f1)U (B2, +00) and « < ay, we have Tp(a) < 0, Do(a) > 0, and Ag(ar) < 0.
Then, Z, is a stable focus.

oIf 3 (0, 1)U (B2, +0) and a > ay, we have Ty(a) > 0, Do(a) > 0, and Ag(ar) < 0.
Then, Z, is an unstable focus.

oIf 5 (0, f1)U (B2, +00) and a3 < o < az, we have Dy(a) < 0. Then, Z is a saddle
point. Hence, the proof of Theorem 3.1 is completed. n

3.2.2.  Local dynamic Behavior of (4) at a neigborhood of Zy and Z;

Let (B, v, v, a, Ng) € A;. Assume that (3, v, v, a, Ny) fulfills one of the following

conditions:
vy+v<a and (= [", 7
B<B and v4v<a<yt——, ®)
1— A
N, 3v — N,

B>6 y+v<a, ve(o, ?O)U(Nm +o0) and |+ == <q, O

N 3v — N
a < v, ﬁ:ﬁ*,V€<O,?O U (No, +00) and ‘7+%‘§ - (10)
a<~vy and (< g%, (11)

https://digitalcommons.pvamu.edu/aam/vol19/iss1/10
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N, 3v — N,
B>B 7+ ——r—<a<yve (0,2 UNg +o0) and |y + 20 <, (12)
1- A 5 2
B<f and v+ —0— < (13)
an
,y 1 —AO a?
B <B<pB and a#%ﬂy*, (14)
B e (0, B)U(By, +o0) and « € (0, ay) U (g, +00), (15)
B € (0, 61) U (62, +OO) and o] < a < (o, (16)
where o1, as, $1 and [, are defined in Subsection 3.2.1 and [* = %W, Ai(a) = Og—j;”,

v l/—NO 51/—N0
Ao =55 e = VB D(a) = o = (3 + BNoYa +7(BNy — v),

62 2 2
V() = 525 (Ai(a)? - 43) +4Dy(a).

Theorem 3.2.

i) If the parameters 3, v, v, o and N, satisfy one of the conditions (7) to (9) and the condition
(16) with V(«) < 0, then the nontrivial equilibrium point of the system (4) is a stable focus and
the origin is a saddle point.

i7) If the parameters [3, v, 7, a and Nj satisfy one of the conditions (7) to (9) and the condition
(16) with V(«) > 0, then the nontrivial equilibrium point of the system (4) is a stable node and
the origin is a saddle point.

i11) If the parameters (3, v, -y, a and IV satisfy one of the conditions (10) to (13) and the condition
(16) with V(«) < 0, then the nontrivial equilibrium point of the system (4) is a unstable focus
and the origin is a saddle point.

iv) If the parameters [, v, v, a and N, satisfy one of the conditions (10) to (13) and the condition
(16) with V() > 0, then the nontrivial equilibrium point of the system (4) is a unstable node and
the origin is a saddle point .

v) If the parameters [, v, 7, o and N, satisfy one of the conditions (14) to (15), then the
nontrivial equilibrium point of the system (4) is a saddle point and the origin is a focus or a node
or a center (see the Theorem 3.1).

Proof:
The Jacobian matrix of the system (4) at Z, = (0, 0) is
a—7=PYy. —y—v
Mo(ar) =
By o

Published by Digital Commons @PVAMU, 2024
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The trace and determinant of M, («) are, respectively,

u
To(a) =2a —v— By, and Dy(a) = (o — Ozb)2 - Tﬁ)
The Jacobian matrix of system (4) at £ is
—% (a =7 = By.)Ai(a)
M(a) = , forall o € (0,7) U (y+v,+00).

Alo(éa) By*Al (a)

The trace and determinant of M («) are, respectively,

T(a) = Aﬁj;) (41(a)? = 43) and D(a) = ~Dy(a).
Let A(a) = T(a)? — 4D(«) be the discriminant of characteristic equation of M («).
We have A(a) = V(«). By studing the signs of 7'(«) and of D(«), we obtain

e T(«) < 0 if the parameters fulfill one of the conditions (7) to (9).

e T'(a) > 0 is positive if the parameters fulfill one of conditions (10) to (13).

e D(a) <0 and Dy(«) > 0, if the parameters fulfill one of conditions (14) and (15).

e D(a) >0 and Dy(«) <0, if the parameters satisfy the condition (16). Hence, the proof of
theorem 3.1 is completed. n

4. Bifurcation analysis
4.1. Hopf bifurcation

Let us recall that there is no regular method to study the limit cycles of the systems in the plane. Per-
haps, one of the most important approaches, together with the Poincaré-Bendixson theory, is the
Poincare-Andronov-Hopf bifurcation (Francoise (2005); Rudiger Seydel (2010); Albert (2019);
Kielhofer (2004)), which is the only genuinely two dimensional bifurcation (i.e., it cannot be
observed in systems of dimension 1), which can occur in generic two dimensional autonomous
systems depending on one parameter (co-dimension 1 bifurcation). In this section, we give the
conditions for the existence of Hopf bifurcation in a neighborhood of the equilibrium points of the
system (4).

4.1.1.  Hopf bifurcation of system (4) at the point of Zy = (0, 0)

In this subsection, we study the Hopf bifurcation of the system (4) at Z, = (0,0); where « is the
bifurcation parameter.

https://digitalcommons.pvamu.edu/aam/vol19/iss1/10
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Theorem 4.1.

If 81 < 8 < (3, then the system (4) admits a Hopf bifurcation at (Zo = (0, 0) , o), where

_ By 8 = Xi(y+v)+v By = Xa(ytv)tv Y20 —4/v(v+27) d X, — Y+2v+4/v(v+27)
Qp = D) y 1 — No No ) 1 — 5 an 2 — 5 .

Proof:
Let My(«) be the Jacobean matrix of (4) at Z,. Then,
a—5=PFy. —y—v
Mo(ar) =
BYs «Q

The trace and determinant of M, («) are, respectively,

To(e) =200 — v — By, and Dy(a) = (a — ozb)2 — @

Let A(a) = Ty(a)?> — 4Dy(r) be the discriminant of the characteristic equation of M;(a).

We have
Ala) =u(B) = 72(/3 — B1)(B — B2).

If 51 <fB < B, thenu(f) < 0. So, My(c) admits two conjugate complex eigenvalues
W(a) = h(a) +iw(a) and W(a) = h(a) — iw(a),

where h(a) = T(a) and w(a) = _QU(B).

Likewise, if o = o = % and [ < 8 < (3, then

dh(a)
Cda
Moreover, the only eigenvalues of M («y,) are

W(ab) = iw(ab) and W(ab) = —iw(ab).

h(ab) =0, la=a,= 1 > 0 and w(ab) > 0.

Hence, according to the Poincaré-Andronov-Hopf theorem (Francgoise (2005); Rudiger Seydel
(2010); Albert (2019); Kielhofer (2004)), the conclusion of Theorem 4.1 follows. =

4.1.2. Numerical simulation

To illustrate the Theorem 4.1, we take v = 2, v =5, = 1=, and Ny =10. Then,

9 488
rt = ?, y* = 1—19 and AQ = (0, +OO)4 X (17, —|—OO) .
Therefore, we have,
1092
ay=—— and B =0.12<B=07<fy=1.1.

295
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Then, the system (4) admits a Hopf bifurcation at (ZO , ab) inside of

B 77 119° 119 |7 119 ="' "7 =119 ("

For the simulations, we denote the initial conditions by (z‘f, zg) (see Figures 1, 2, 3,4,5,6,7, 10
and 11 in the appendix).

Remark 4.1.

We remark from our simulation that there are three critical values a., < a,, < a,, in (ap, +00)
such that:

e forall a € [a, a,), there exists a stable limit cycle (see Figures 2, 3, 4 and 5). This means
that the disease appears periodically in the population. We can therefore predict and control the
infection.

o forall & € [av,, ] U [ow,, +00), we observe the disappearance of the limit cycle with the
explosion of the rate of infections (see Figures 6, 7, 10 and 11). This means that the infection
becomes uncontrollable (pandemic) after a certain period.

e for all o € (0%2, acg), the limit cycle disappears with a considerable decrease in the rate of
infection and an explosion in the rate of cure (see Figures 8 and 9). This means that the infection
becomes controllable and can be eradicated after a certain period.

4.1.3. Hopf bifurcation at Z;

In this subsection, we study the Hopf bifurcation of the system (4) at Z;. So, we take
(ﬁ7 v, v, «, NO) GAI

Theorem 4.2.
If

Y <B< 7—'—”, g <ag<ay a€(0,7y)U(y+v) and V(a) <0, (17)

Ny Ny
then the system (4) admits a Hopf bifurcation in a neigborhood of (Z;, «p), where

v
g =77+ - A

Proof:

The Jacobian matrix of system (4) at 7 is
— e (a— - By)Ai(a)
M(a) = , forall o€ (0,7) U (y+v,+00).
W By.Ai(a)

The trace and determinant are, respectively,

_ %(AI(Q)Q — Ag) and D(a) = —Dy(a).

T(«)

https://digitalcommons.pvamu.edu/aam/vol19/iss1/10
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Let A(a) = T(a)? —4D(a) be the discriminant of characteristic equation of M (). We have
A(a) = V(a). According to (17), we have V(a) < 0. Then, the matrix M («) admits two
conjugate complex eigenvalues

W(a) = h(a) +iw(a) and W(a) = h(a) — iw(a),

where

Moreover,

dh(a) By. Aj /
h =0 d P 1+ —— A 0.
(a0) an do °© 2 < + A1(a0)2> i(a0) >

Since a3 < ap < @y, we have w(ao) > 0. Likewise, if @ = ag, the only eigenvalues of
M (ao) are

W (o) = iw(ag) and Wiag) = —iw(ayp).

Hence, according to the Poincaré-Andronov-Hopf theorem (Francoise (2005); Rudiger Seydel
(2010); Albert (2019); Kielhofer (2004)), the conclusion of Theorem 4.2 follows. =

4.2. Bogdanov-Takens bifurcation

A Bogdanov-Takens bifurcation (Jean-Baptiste and Claude (1993)) is an example of a
codimension-2 bifurcation, which is far more complex than codimension-1 bifurcations, and it de-
scribes very rich dynamics of the given system. The basic idea of what happens with a Bogdanov-
Takens bifurcation is that we have two codimension-1 bifurcation curves that collide at a single
point. The point where the two bifurcation curves collide is where the Bogdanov-Takens bifurca-
tion happens. For later use, we set,

BT := {(ﬂu v, v, &, NO) S <O7 +OO)57 BZBOa Oé:Oéo},

a cusp bifurcation surface of codimension 2 for system (4) (i.e., Bogdanov-Takens bifurcation
surface), where

, _ytby ,  Xihtv)tv Xy +v)+v
Boe{ﬁlaﬁ2},040— 9 751_ NO ) 52_ N() ’
v — 2 2 2
X1:7+ v v(v+2y) and X2:7+ v+ \r(v+ 7).
v Y

Theorem 4.3.

If (3,v,v,a, Ny) € BT, then the equilibrium Z; = (0,0) of system (4) is a cusp of codimension
two, i.e., it is a Bogdanov-Takens singularity.

Published by Digital Commons @PVAMU, 2024
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Proof:
Let (8,v,7,a, Ng) € BT. Then, the system (4) becomes

(18)

2= —apz1 — (7 + V)2 — Bozrze,
2o = Boy* 21 + apza + Bozize.

In order to find the canonical normal form of the cusp, we take the smooth invertible transforma-
tions

u=z and v=—wpz — (7+V)2.
We can rewrite system (18) as follows,
i =v =28’ +o(|[(u, v)[?),
v = (af = Bo(v + )y )u+ aofou® + o(|| (u, v)|?).

Making the change of variablesby X = u and Y = v — %UQ + o(||(u, v)||*), then the
system (19) become

X =Y
. ’ (20)
{Y = 1 X + 112 X% = 20 XY +o([|(X, Y)[]?),

(19)

*

where g = iﬁ”, = ag— By +v)y

and po = apfp.

Making the final change of variables by u = 4ﬂ—“§X , U= S#%SY, and 7 = 2"72075 (we still denote
u, v, T by X, Y, t, respectively), we obtain

X =Y, 2D
V= ey X2 XY (X, V)P

From the result by Bogdanov-Takens theorem in (Jean-Baptiste and Claude (1993)), we conclude
that system (21) undergoes Bogdanov-Takens bifurcation. n

4.2.1. Simulation

For the simulation, we take v = %, V= 1% and N = 10. So we obtain

Bo € {ﬁl — 0.32375, B, = 0.96125} and o € {am — 1.0638235, agy — 2.3709664}

and we take the initial conditions (z?,29) € {(2,9) , (3,7, (5,7), (4,9, (7, 5)} (see figures
12, 13, and 14 in the appendix).

Remark 4.2.
If there exists (v, 3, v, No) € (0,400)* such that

vy +v ( v v >
d p— e
B < No an 7+1—A0 o or7+1_A0 as |,
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then the system (4) can admit a Bogdonov-Takens bifurcation at Z;, where «; and as are defined
in Subsection 3.2.1.

5. Auto-oscillation

In this section, we prove a theorem for auto-oscillations of (4) on the following nonempty closed
and convex set of R?

Qk: = {(Zl, 22) S [—5, NO—Z'* ] X [—5, No—ky* :|, —Q(SS 21+ 29 SNO—(ky*—l-l'*)},

where ¢ :=

Q[

, 0 =min {x*, Ys }, q>2,and k < % are some constant real numbers.

Let Z € Q. From now on, we consider the following system
7 =1,f(2), (22)

where f is the vector field defined by (4) and 7 is the metric projection on the closed and convex
tangent cone to () at Z (Appell et al. (2017); Lobanova and Sadovskii (2007)). Let

N x
o= D) (Mot 1 ). = e { 5 s )
v +v 2
1 - o & 286
do = B <y* - %) ; 01 = xx — dp, 0p = min {50, 51}7 do = maX{za 6_0’ 5—1; o%}’
N 2 24202 +4 2
ko:l—i—ﬁ(’y_’_ﬁ O>(7+ V)7ﬁ0:min{ry e ,yy, Y }
2v(BNo —v) Noy v+ 2w
Theorem 5.1.
Let Q) be a closed and convex set of R? of which interior is nonempty, and (23)
f : Qr — R? be alocally lipschitz function . (24)
Suppose that there exist some positive real numbers 3, v, 7, «, Ny, ¢ and k such that
2v)? 2 N
M<NO, ijV<ﬁ<60, Qo < q, ko <k< 0 and ay, < a, (25)
2v NO Yx
and
VZ € 0Qy, Ju €Ty, (u, f(Z)) >0. (26)

If the conditions (23) - (26) hold, then the system (22) admits a unique closed trajectory I' of
which orbit is a globally stable limit cycle on Q).

Proof:

We will just verify if the hypothesis of Lobanova-Sadovskii theorem (Lobanova and Sadovskii
(2007)) are satisfied under the conditions of Theorem 4.1. We check that O(0 , 0) € on, Q@ is a
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closed and convex set. Moreover, f is locally Lipschitz on (), because its components f; and
fo defined by

[(Z)=(a—v—=By)n — (Y + V)2 — Brize and  fo(Z) = By + 2o + Bz129,

are polynomial functions.
Next, we prove that there exist a real positive definite matrix B and an application
w:(0, +00) = (0, +o00) suchthat forall Z € Q, (BZ, f(Z)) > u(||Z]).

By 0
Let B := and Z € Q). Then,

0 ~v+v
(BZ, f(Z)) = By (a =7 = By) 2 + (v +v) (a+ fz1) 2.
Since y < Ny + y«(1 — k), we have —pfy > —B(NO +y.(1 — l{:))

Moreover, we have z; > —4§. Therefore, we obtain

(BZ, [(2)) > By.(a =7 = B(No+ 11— ) )23 + (7 + ) (@ — 85) 3

> By (o —as) 21 + (v +v) (a = B0) 2.

According to (25), we have o > max{ po; as; % } . So, we can take
pi=min{ By. (0 —a5) 3 (7+¥)(a—Bo)} >0,
and pu(r) =nr?, forall r > 0. Then, forall Z € Qy, (BZ, f(Z)) > u(||Z]]).

Now, let us find 7y > 0 suchthat forall Z € Qy, (JZ, f(Z)) > ro||Z]>.

Let Z € (). Then, we have
(JZ, [(2)) = Byzi + (v + Bx) 25 + (v + By*) 212

> (b= 50+ 8)) 2+ (004 30— 807 ) 4

Zﬁ(zfi—y*—%(%—i—y*))zf—i—B(zl—l—x*—l—%<%—y*>)z§
-3 (3 v) )
>3

(JZ, [(Z)) = B(d0 — 6) 2t + B (61 — ) z5.

Moreover, according to (25), we have g — 6 > 0 and d; — 0 > 0. So, we can take
ro ::ﬁmin{éo—é; 5, —5} > 0.
Then, forall Z € Q, (JZ, f(Z)) > rol|Z]*.

https://digitalcommons.pvamu.edu/aam/vol19/iss1/10
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Now, we prove that forall Z € Q and Z # O, f(Z) ¢ Ny.

Case 1: If Z € Qy, then Ny ={O}. Thus, f(Z) € Ny ifandonlyif f(Z)=O.

Since, there exists ro > 0 such that forall Z € Q, (JZ, f(Z)) > ro||Z]|?, then,
f(Z) € Nz implies Z = O.

Thus, forall Z € Q;\ {0}, f(Z) ¢ N.

Case 2: If Z € 0Q)y, according to (26), there exists u € T, suchthat (u, f(Z)) > 0.

So, forall Z € 0Qy, f(Z) ¢ Nz. Thus, forall Z € Q,\{O}, f(Z) ¢ Nz.

Hence, according to the Lobanova-Sadovskii theorem (Lobanova and Sadovskii (2007)), the proof
of Theorem 5.1 is completed. n

5.1. Application and simulation

To apply Theorem 5.1, we take (3,v,7,, Ny) € Ay such that

9 9 7 a7l
T=55 Vo100 P oy Mm9ad =<

Then, we obtain z, = %, Ye = %, and 6 = % = %. Moreover, the values under consideration

verify the condition (25), i.e.,

(v+2v)* 338 y+2v 13
— = — < N, = — < B < By~ 0.0713889
2w 225 = TN, 535 << ’
Ny 1071
<q=2 dkh<k=2< = —.
qo < g , an 0 e 132
‘We obtain
9 72 9 207 9 54
= R? -~ <z <= —— <zm<— _Z< <
Qk {(21722)6 ; 14_21_ - 14_2’2_119, 7_214—22_119}7

which is a closed and convex set of R? of which interior is nonempty.
Forall Z = (z1, 29) € Qk, we have

{ Z1=fi(Z) = (a—v— By.)z — 0.1729 — 0.0721 29,

27)
22 = fQ(Z) = 0254117621 + azy + 0.072122.

The vector field f = (fi, f2) is a locally Lipschitz map on Q) and Og: € Q.

Let Z € 0Q). Then, we distinguish two cases.
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Case 1: 7 is acorner point. In this case the tangent cone at 2 is the angular domain. For example

if Z=(-2,—3), thenwehave

9 9
and
9
Nz = {(zl , 2) €ER?Y 21 < —— and z < 1 }
Moreover, for a ~ 0.18034, wehave u = (1, 0) € Tz and (u, f(Z)) ~0.25 >0

Case 2: 7 isnot a corner point. In this case the tangent cone at Z is the half plane.

For example if ( — % , O), then we have

T, = {(21 , 7) € R%, —% <z and 25 =0 },
and
N, = {(z1 , 7)) €ER? 2 < —% and 2y = O}.
Moreover, for o =~ 0.18034, we have u = (1, 0) € Tz and (u, f(Z)) ~ 0.25 > 0.

Then, for all Z € 0Qy, there exist u € T such that (u, f(Z)) > 0.

So, for these values of the parameters, the system (22) admits a unique closed trajectory of which
orbit is stable. For the simulations, we denote the initial conditions by (z{, 29) (see Figures 15,
16, and 17 in the appendix).

Remark 5.1.

On Figure 15 and Figure 16 below, we have simulated respectively the phase portrait and the
chronic of the system (22) on () under the conditions of the Theorem 5.1 and we observe the
existence of a unique limit cycle which is globally stable. This means that when the SIR system is
perturbed by external factors (such as climate change), the infection (the disease) persists over time
(along term). We remark that there exists a a. € («,, +00) suchthatforall « € (a,,, a.), there
exists a unique stable limit cycle (see Figure 15 and Figure 16). This means that the disease appears
periodically in the population. We can therefore predict and control the infection. But for all a >
a., we observe the disappearance of the limit cycle and the decreases of the rate of infections (see
Figure 17). This means that the infection becomes controllable and can be eradicated after a certain
period.

6. Conclusion

In this work, we have studied the dynamic behavior of the perturbed epidemiological model SIR
on a nonempty, closed and convex set. Indeed, we have studied firstly the existence and the number
of the equilibrium points. Moreover, we have studied the nature of these equilibrium points. Also,
we have analyzed the existence of the Hopf and Bogdanov-Takens bifurcations in a neighborhood

https://digitalcommons.pvamu.edu/aam/vol19/iss1/10
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of some equilibrium points. Finally, we have demonstrated under certain conditions on the param-
eters, the existence and the uniqueness of a globally stable limit cycle. The results obtained in this
paper with the perturbed SIR epidemiological model are not obtained with the classical SIR model.
Therefore, taking into account the external phenomena that can influence an epidemic would allow
a better understanding of the true behavior and evolution of this epidemic.
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Appendix
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Figure 1. Phase portrait of the differential system (4) for & = 1.58 < oy, and (29, 29) = (0.07,0.09).

1092

Figure 2. Phase portrait of the differential system (4) for a = o, = gz~ and (29, 29) = (0.07, 0.09).

04

Susceptile and Infected individuals

Figure 3. Chronic of the differential system (4) for o« = oy = % and (29, 29) = (0.07, 0.09).

Figure 4. Phase portrait of the differential system (4) for «a €

2

15 1 05 o 05 1 15 2 25 3 35
Susceptivle

(ab , acl) with ae, = 2.01,

ap = % and (29, 29) = (0.07, 0.09).
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sceptile and Infected individuals

sus

Figure 5. Chronic of the differential system (4) for o € (ap , ac,) with ae, = 2.01, a5 = 992 and

595
(29, 29) = (0.07, 0.09).

Infected

Figure 6. Phase portrait of the differential system (4) for a € [ae; , ae,] With ae, = 2.01, ae, = 2.02, and
(29, 29) = (0.07,0.09).

12

Susceptive and Infected individuaks

2 —
Figure 7. Chronic of the differential system (4) for a € [ae, , e, Wwith ae; = 2.01, ae, = 2.02,
and (27, 29) = (0.07,0.09).
44 \\\\
54 \\\

2 1 0o 1 2 3 a4 5 6 7 8 9 1 U 1
Susceptible

Figure 8. Phase portrait of the differential system (4) for @ € (e, ,0ey) With ae, = 2.02,a¢; = 3.575, and
(29, 29) = (0.07, 0.09).
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tetime

Figure 9. Chronic of the differential system (4) for a € (e, ,0es) With ae, = 2.02,a¢; = 3.575 and
(29, 29) = (0.07, 0.09).

Infected

25 2 15 1 05 o

Susceptivle

Figure 10. Phase portrait of the differential system (4) for a > ae, = 3.575 and (2V, 29) = (0.07, 0.09).
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tetime

Figure 11. Chronic of the differential system (4) for @ > ey = 3.575 and (27, 29) = (0.07, 0.09).

Figure 12. Phase portrait of the differential system (18) with [y € {/31 + 0.99, B2 + 0.99} and
ag € {a01 +0.99, g2 + 0.99}.
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Figure 13. Chronic of the differential system (18) with [y € {51 + 0.99, B + 0.99}
ag € {ao1 +0.99, aga +0.99}.

Figure 14. Phase portrait of the differential system (18) with By € {,31 — 0.99, By — 0.99}
ao € {ap1 —0.99, apz — 0.99}.

Figure 16. Chronic of the differential system (22) for o ~ 0.18034 and (2, 29) = (7, 9).

L’ —

Figure 17. Phase portrait of (22) for (20, 29) = (7, 9) and o > o = 0.1804.
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