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Abstract

In this paper, utilizing convex functions, we first establish new refinements of Hermite-
Hadamard-Fejer type inequalities via Riemann-Liouville fractional integral operators. A
generalized refinements of Hermite-Hadamard-Fejer type inequalities for fractional integral
operators with exponential kernel is also obtained. The results given in this paper would provide
extensions of those presented in earlier studies.

Keywords: Hermite-Hadamard-Fejér inequality; Fractional integral operators; Convex
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1. Introduction

The Hermite-Hadamard inequality, which is the first fundamental result for convex mappings
with a natural geometrical interpretation and many applications, has drawn attention much
interest in elementary mathematics.

The inequalities discovered by C. Hermite and J. Hadamard for convex functions are
considerable significant in the literature (see, e.g., Pecaric et al. (1992, p137), Dragomir and
Pearce (2000) These inequalities state that if f : I — R is a convex function on the interval |

of real numbers and a,b e | with a<b, then
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2

a+b 18 f(a)+ f (b)
f(—jsﬁif(x)dxsf. (1)

Both inequalities hold in the reversed direction if f is concave. Fejér (1906) obtained the
following inequality which is the weighted generalization of Hermite-Hadamard inequality (1):

Let f : [a,b]—> R be convex function. Then the inequality
b b b
f(aTerl[g(x) s_!'f (x)g(x)dxswlg(x)dx

holds, where g : [a,b]— R is nonnegative, integrable and symmetric to (a+b)/2.

A number of mathematicians have devoted their efforts to generalise, refine, counterpart and
extend these two inqualities for different classes of functions, (see, for example, Azpeitia (1994)-
Farissi (2010), Hwang et al. (2014)-iscan (2015), Kirane and Torebek (2017), Latif (2012), Noor
et al. (2016), Sarikaya and Yildirim (2016)-Yang and Hong (1997)) and the references cited
therein.

2. Preliminaries

In the following we will give some necessary definitions and mathematical preliminaries of
fractional calculus theory which are used further in this paper. More details, one can consult
(Gorenflo and Mainardi (1997), Kilbas et al. (2006), Miller and Ross (1993), Podlubni (1999)).
2.1. Riemann-Liouville fractional integral operators

Definition 1.1.

Let f €L [a,b]. The Riemann-Liouville integrals J* f and JZ f of order « >0 with a>0
are defined by

1 X a—1
12 f(X)=——| (x-t)" " f(t)dt, x>a
00 = Lo
and
1 b a—1

I f(X)=——]| (t—x)" " f(t)dt, x<b

S0 = L0 od x<
respectively. Here, I'(«) is the Gamma functionand 12 f(x) =12 f(x) = f ().

It is remarkable that Sarikaya et al. (2013) first give the following interesting integral inequalities
of Hermite-Hadamard type involving Riemann-Liouville fractional integrals.
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Theorem 1.

Let f : [a,b] >R be a positive function with 0<a<b and f ela,b] If f is a convex
function on [a,b], then the following inequalities for fractional integrals hold:

b) Tla+d ry. a f(a)+f(b
f(a; ]széiz}[ufmyubf@ﬂg_iji_ij, o

with « >0.

Hermite-Hadamard-Fejér inequality for Riemann-Liouville fractional integral operators was
given by Iscan (2015), as follows:

Theorem 2.

Let f :[ab] >R be convex function with with a<b and f eL[a,b]. If g : [a,b] >R is
nonnegative, integrable and symmetric with respect to 2> i.e. g(a+b—x)=g(x), then the
following inequalities hold

f [aTm)[lii(g)(bH 12.(g)(@) | < 17.(Tg)(b) + 1 £ (fg)(a)

f@+f0)r,. a
<2212 @0+ 12 @)@)]

The following Lemma will be frequently used to prove our results.

Lemma 1.1. (Xiang (2015), Yang and Tseng (1999))

Let f : [a,b] > R beaconvex functionand h be defined by

2 2 2 2 2)|

Then, h is convex, increasing on [0,b—a] and for all t €[0,b—al,
f(ﬁgﬂjsha)siﬁﬂgiﬁﬁ.

Xiang (2015) obtained following important inequalities for the Riemann-Liouville fractional
integrals utilizing the Lemma 1.1:
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Theorem 3.

Let f : [a,b] >R be a positive function with a<b and f € L[a,b]. If f is a convex function
on [a, b], then WH is convex and monotonically increasing on [O,l] and

f [a;bj=WH (0) SWH (t) <WH (1)

©)

F(1+a)
2(b a)”

(1 F)(0)+ (15 1 )(a) ],

with o > 0 where

WH(t)=ﬁj: (tX‘F(l t)a—bj((b—x)a_l+(X—a)a_l)dx.

Theorem 4.

Let f : [a,b]—> R be a positive function with a<b and f e L,[a,b]. If f isa convex function
on [a, b], then WP is convex and monotonically increasing on [0,1] and

—;((b““)) [( 1. £ ) (0)+ (1 f )(a)] =WP(0) <WP(t) <WP(1)
-a
4
_f(a)+f(b) @
2 1

with « > 0 where

o (e (P (5

2.2. Fractional integral operators with exponential kernel
Recently, Kirane and Torebek (2017) have introduce a new class of fractional integrals:

Definition 2.

Let f eL(a,b). The fractional integrals 12, and ¢ of order a (0,1) are defined by

https://digitalcommons.pvamu.edu/aam/vol13/iss1/27
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1% (£)(x) = éjx'exp{—l_Ta(x—t)} f(O)dt, x>a

and

¢ (£)(X) = éiexp{—l_T“(t—x)} f(O)dt, x<b,

respectively.

For o =1, then

lim1s, (f)(x) = jf (t)dt and limT; (f)(x) = jf (t)dt.

The authors also proved the following Hermite-Hadamard and Hermite-Hadamard-Fejér
inequalities for fractional integral operators with exponential kernel:

Theorem 5.

Let f : [a,b] > R be a positive function with a<b and f e L[a,b]. If f isa convex function
on [a, b], then the following inequalities for fractional integrals hold with exponential kernel:

f(a)+ f(b)

f[a+b]< 21 (f)(b)+ T (F)(a) ] < .

2 )" 2[1-exp{-A}]
where A=x%(b-a),
Theorem 6.

Let f :[ab]—>R be convex and integrable function with a<b. If g : [ab]>R is
nonnegative, integrable and symmetric with respect to 2 i.e. g(a+b—x)=g(x), then the
following inequalities hold

a+b

f ETJ[IZZ(Q)(b) +1; (9)(a) | <17, (fg)(b) + Iy (fg)(a)

_f@+f(b)

[12.(9)0)+ 17 (9)(@) .
2

In this sutudy, we establish some Hermite-Hadamard-Fejér type inequalities via fractional
integrals summarised in the above.
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3. Refinements of Hermite-Hadamard-Fejér Type Inequalities for Riemann-
Liouville Fractional Integral Operators

In this section, we will present refirements of Hermite-Hadamard-Fejér type inequalities via
Riemann-Liouville fractional integral operators .

Theorem 7.

Let f :[ab]—>R be convex function with a<b and felL[ab]l If g:[ab]>R is
nonnegative,integrable and symmetric to (a+b)/2, then A, is convex and monotonically

increasing on [O,l], then the following inequalities for Riemann-Liouville fractional integrals
hold

(22 [(10)0)+(1; 0)(@)]-A©@=AO=AW
=[(12.19)(0)+(1; fg)(a) |

Q)

with « >0, where A, is defined by

Ag(t)Z%J.f(t La- t)a—”’)[( X+ (x-a) o (x)dx

Proof :

Firstly, t,, t,, ,Be[O,l], then

A (1=t +BL,)
1 a+b +b a a1
) f( X— (1 Bt + pt, ]+ 2 . J[(b X)“"+(x—a) }g(x)dx

|
1 _a+b a+b a+b a+b
:ﬂ-{!‘.f ((1 ﬁ) jt1+ 5 :|+ﬂ(X—TJt2+T)J

x| (b=x)""+(x-a)" }g(x)dx.

Since f is convex, we have

https://digitalcommons.pvamu.edu/aam/vol13/iss1/27
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Ag ((1_ﬂ)t1 +ﬂt2)

ol el S R (S S

a

x[(b —x) +(x—a)“‘1} g(x)dx

S Z(f(x—aT“’)tl+a7”’][(b—x)“‘l+(x—a)“‘l]9(X)dx

" I(a)
b b b a1 a-1
+Fg)ja(f(x_%nz+%)[(b_x) +(x-a)"*Jg(x)x

= (1_ﬂ) Ag(tl) +IBA9 (tz)-
Hence, we have
Ag ((1_:3)t1 +:Bt2) < (1_13) Ag(tl)"'ﬂAg (tz)-

then we get A, is convex on [0,1]. Then, by elementary calculus and symmetricity of g, we
have

1 ¢ b a-1 a-1
Ag(t)=@£f(tx+(1—t)a%)[(b—x) +(x—a)"" g (x)dx

1 a%b b a-1 a-1
:mlf(txjt(l—t)a%)[(b—x) +(x-a) Jg(x)dx

l . b a-1 a-1
+%be(tx+(l—t)a%)[(b—x) +(x-a) }g(x)dx

2

1 @ (a+b utj b-a u)’“ (b—a uj
= Jf S =2 e S
oI 2 2))U2 2 2 2
1 o (a+b utj_(b—a uj“ (b—a uj“
+ J'f +— ||| —=—=| +|—+=
oIy U2 2)U2 2 2 2
b-a
_ 1 J-f(a+b_u_tj+f(a+b+u_tj
2T () + 2 2 2 2

(b—a uj’“ (b—a uj“ (a+b Uj
X ——| 4+ —+= g| —+—|du.
2 2 2 2 2 2

a-1
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From Lemma 1.1, we have h(u)=2[f(22—4)+ f(2:244)] is increasing on [0,b—a] Since
(552 —4) ™ + (22 +4)™ is nonnegative, then A, (t) is increasing on [0,1] Thus, using the facts

that

A 0)= f(agbj[(lgg)(bh(l:g)(a)}

and

Ag(l)—r(l)if(a+bJ[(b X (x-a) o (x)ax

e [CICHERIO!

we obtain the desired result.

Remark 1.

If we take g(t)=1, te[a, b] in Theorem 7, then the inequalities (5) reduce to the inequalities
@).

Remark 2.

Under assumptions of Theorem 7 with « =1, then the mapping
" a+b
P(t) :jf (tx+(1—t)7jg(x)dx

is convex and monotonically increasing on [0,1] and we have the following refirement of
Hermite-Hadamard-Fejér inequality

f (aTerj_Tg(x)dx <P(t) < .Tf (x)g(x)dx,

which was given by Yang and Tseng (1999).

Theorem 8.

Let f :[ab] >R be convex function with a<b and fel[ab] If g:[ab]>R is
nonnegative,integrable and symmetric to (a+b)/2, then B, is convex and monotonically

increasing on [O,l], Then, the following inequalities for Riemann-Liouville fractional integral

https://digitalcommons.pvamu.edu/aam/vol13/iss1/27
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holds:

[(l; fg)(b)+ (17 fg)(a)] =B, (0) < B, (t) < B, (1)
(6)
-0 (12 9)(b)+(1; 0)(@)],

where B, is defined by

5,0 gy (0 (S (222 (552 Jo 252 e
U

Proof :

We note that if f isconvex and v is linear, then the composition f ov is convex. Moreover, we

note that a positive constant multiple of a convex function and sum of two convex functions are
convex. Therefore,

(st (522 (52 o(%2)
o st 15w (252 (2 o(552)

is convex. Hence, we get that B (t) is convex. Next, by elementary calculus and symmetricity of
g, we have

o 0= st 5ha (o (2222 (52 o 22

Published by Digital Commons @PVAMU, 2018
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As g issymmetricto (a+b)/2,
(t)——b_a{f(a+(—_t]u]+f(b—(—l_tjuﬂ

2T (ax) 2 2

20-2a-u" (u)" 2a-+u
XHT] +(§J }g( 2 jdu'

It follows that from Lemma 1.1 that h(t) = —[f(a+b )+ f(%%%)] and k(t)=b—-a—(1-t)u are
increasing on [0,b] and [0,1] respectively. Thus, h(k(t))= f(a+(t)u)+ f(b—(5)u) is
increasing on [0,11 Since [(ZH%)‘HJr(%)“_lJ and g are nonnegative and , then we deduce that
B, is monotonically increasing on [0,1]. Then,

1 % (x+a)((2b-a-x)" (x-a)") (a+
Bg(o)zzr(a)lf( 2 M 2 j +( 2 ] ]g(Tjdx
L1 j‘f(x+bj (x+b—2aj“l+(b;xjal (x_+b]dx

2r(a)) |2 2 2 ) %2

a+b

:% f f(u)g@)] (b-u)"* +(u-a)" Jau

1 ¢ 41 a-1
(—J;f(u)g(u)[ u)+(u-a)"" |au

>

=J fg(b)+Jb, fg(a)

and

https://digitalcommons.pvamu.edu/aam/vol13/iss1/27
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:;((Z;J'[b u)+(u-a)” }g(u)du

+%Jb[(b —u)"+(u —a)“‘l} g(u)du

_ f(a)[J;g(b);J;g(a)} f(b){J;g(b)Hgg(a)}

2

f@+fo)r,. ,l
== 390)+3; 9(@) ]

Thus, we obtain the required result.

Remark 3.

If we take g(t) =1, te[a, b] in Theorem 8, then the inequalities (6) reduce to the inequalities

(4).
Remark 4.

Under assumptions of Theorem 8 with « =1, then the mapping

o (Egm (55 5 (5

is convex and monotonically increasing on [0,1] and we have the following refinement of
Hermite-Hadamard-Fejér inequality

[7009000x <00 <@L g0y

which was proves by Yang and Tseng (1999).

4. Refinements of Hermite-Hadamard-Fejer Type Inequalities for Fractional
Integral Operators with Exponential Kernel

Throughout this section, we denote A=:2(b-a), 6,=:2(x-a) and 6, =:2(b-x) for
a€(0,2)

In this section, we will give two theorems for Hermite-Hadamard-Fejér type inequalities via
fractional integral operators with exponential kernel.

Published by Digital Commons @PVAMU, 2018
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Theorem 9.

Let f : [a,b] >R be a positive function with a<b, f eL[ab]andlet g : [a,b] >R bea
nonnegative, integrable and symmetric to (a+b)/2. If f isa convex function on [a,b], then C,

is convex and monotonically increasing on [0,1] and we have the following inequalities for
fractional integral operators with exponential kernel:

f (a er bj[Iw(g)(b) +1I; (9)(@) |=C4(0) <C (1) <C, (1)
=[1:.(fg)(b)+T; (Tg)(@) ],

where

b

C,(®) :i'[ (tx+(1 t)—)[exp 6,)+exp(-6,)]g(x)dx.

a

Proof :

Convexity of C, can be proven similar to in Theorem 7. Then, using the change of variables and
symmetricity of the function g, we have

C,(t) =

Qll—\

(tx+(1 t)—}[exp 6,)+exp(-6,) |g(x)dx

I
2

QlH

(tx+(1 t)—j[exp ,)+exp(—6,) | g(x)dx

lb
2 oy

a

N

https://digitalcommons.pvamu.edu/aam/vol13/iss1/27
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1" .(a+b ut a+b ut u b+a
=—I fl—— = |+ f| =+ ||g| =+ —2
2a 0 2 2 2 2 2 2
l-a(b—-a u l-a(b—a u
x| exp| ———| —Z+4— | |[+exp| - —=| —=—=|||du.
a 2 2 a 2 2

Since [exp(—%“(?+%))+ exp(—l‘—“(b;;‘—%))] and the function g are nonnegative, then C_(t) is

o

increasing on [0,1. Therefore, with the identities

a+b

C,(0)=f (T][I;(g)(b)u;‘(gxa)].

and
C, (1) =] 15, (fg)(b) + Iy (fg)(a) ],

we obtain the desired result.

Corollary 1.

If we choose g(t) =1, te[a, b] in Theorem 9, then C, is convex and monotonically increasing

on [O,l] and we have the following refirement of Hermite-Hadamard inequality for the fractional
integral operators with exponential kernel

¢ (a;bj 2[1_pr{_A}] =C,(0)<C,(t)<C,(D) =1 (f)b)+I7 (f)(a).
-

Remark 5.
Under assumptions of Theorem 9 with « =1, then the Theorem 9 reduces to Remark 2.
Theorem 10.

Let f : [a,b] >R be a positive function with a<b, f eL[a,b] andlet g : [a,b] >R bea
nonnegative, integrable and symmetric to (a+b)/2. If f is a convex function on [a, b], then
D, is convex and monotonically increasing on [0,1] and we have the following inequalities for
fractional integral operators with exponential kernel:

Published by Digital Commons @PVAMU, 2018
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(12, (fg)(b) + T2 (fg)(a) | = D, (0) < D, (t) < D, 1)

:wﬁi(g)(b)ﬂﬁ_(g)(a)],
et
o0 (5 (5 ()
[eo 2ol (5
2l (K“‘J ()l
o 2] 2022
ot

Convexity of C, can be proven similar to in Theorem 8. Then, using the change of variables and
symmetricity of g, we get

D, (t

https://digitalcommons.pvamu.edu/aam/vol13/iss1/27 14
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zzib'ff(a+(%juj{exp(—l_a(Zb_ia_ujj+exp(—l_7agﬂg(za;ujdu
Tf(b [1 jj{ex'o( %]+exp(_1;a(2b—§a—umg(2b2—ujdu

(5]

( 1- auﬂ (Za;u]du.

Considering that [exp(—%“(”’*%)ﬁ exp(—%“%)] and the mapping g are nonnegative, we find

that D, is monotonically increasing on [0,1]. On the other hand, using change of variables we
have

440

D, (0) =[ I, (fg)(b) + I; (fg)(a) |

and since g is symmetric with respect to 2;2, then we have
f(@+fb)r_, "
0,0 = "0z (g)0)+ 32 (9)(@) |

Hence, the proof is completed.

Corollary 2.

If we choose g(t) =1, te[a, b] in Theorem 10, then D, is convex and monotonically increasing

on [O,l] and we have the following refirement of Hermite-Hadamard inequality for the fractional
integral operators with exponential kernel

L. (H)(0)+1, (f)(@)=D,(0) < D,(t) < D,()

_21-ep{-Al f@)+f(b)
l-« 2

Remark 6.

Under assumptions of Theorem 10 with « =1, then the Theorem 10 reduces to Remark 4.

5. Concluding Remarks

In this study, we consider the refinements of Hermite-Hadamard-Fejér type inequalities

Published by Digital Commons @PVAMU, 2018
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involving Riemann-Liouville fractional integral operators and fractional integral operators with
exponential kernel. The results presented in this study would provide generalizations of those
given in earlier works.
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