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Abstract

In this paper, we introduce the notion of statistical (\, y)-summability and find its relation with
(A, )-statistical convergence. We apply this new method to prove a Korovkin type approximation
theorem for functions of two variables. Furthermore, we provide an example in support to show
that our result is stronger than the previous ones.
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1. Introduction

The concept of statistical convergence for sequences of real numbers was introduced by Fast
(1951) and further studied many others.

Let K CNand K,, = {k <n:kec K}. Then, the natural density of K is defined by §(K) =
lim,, n~!| K| if the limit exists, where | K,,| denotes the cardinality of K.

A sequence = = () of real numbers is said to be statistically convergent to L provided that for
every € > 0 the set K. := {k € N: |zy — L| > €} has natural density zero, i.e., for each ¢ > 0,

1
lim—[{j <n:|z; — L| >¢€}| =0.
non
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By the convergence of a double sequence we mean the convergence in the Pringsheim’s sense
(1900). A double sequence x = (z;;) is said to be Pringsheim’s convergent (or P-convergent)
if for given € > 0 there exists an integer N such that |z, — ¢| < € whenever j,k > N. In this
case, ( is called the Pringsheim limit of x = (x;) and it is written as P — limz = ¢. For our
convenience, we will write lim « instead of P — lim x.

A double sequence x = (z;;) is said to be bounded if there exists a positive number M such
that |x;,| < M for all j, k.

Note that, in contrast to the case for single sequences, a convergent double sequence need not
be bounded.

The idea of statistical convergence for double sequences was introduced by Mursaleen and Edely
(2003).

Let K C N x N be a two-dimensional set of positive integers and let K,,, = {(j,k) : j <
m, k < n}. Then, the two-dimensional analogue of natural density can be defined as follows.

In case the sequence (K (m,n)/mn) has a limit in Pringsheim’s sense, then we say that K has
a double natural density and is defined as

K
P iy Klmn)

m,n mn

= (K.
For example, let K = {(i?, j?) : 1,7 € N}. Then,

SOLKY = P — lim B0 p YWD

m,n mn m,n mn

=0,
i.e., the set K has double natural density zero, while the set {(¢,27) : 4,7 € N} has double
natural density %

A real double sequence x = (x)) is said to be statistically convergent to the number L if for
each € > 0, the set

{(7,k),7 <mand k <n:|xj —L|> €}

has double natural density zero. In this case we write st()- lim 2, = L.
]7

Remark 1.

Note that if x = () is P-convergent then it is statisically convergent but not conversely. See
the following example.

Example 2.
The double sequence = = (x;;;) defined by

(1.1)

- 1 , if 57 and k are squares;
ik 0, otherwise.

Then, x is statistically convergent to zero but not P-convergent.
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Moricz (2003) introduced the idea of statistical summability (C,1,1).

We say that a double sequence x = (z;;) is statistically summability (C,1,1) to some number
L, if st®-limo,,, = L, where

m,n

In this case, we write st(c1,1)-lim 2z = L. Itis trivial that st?)- lir]? xj, = L implies st@-lima,,, =
B m,n
L.

Mursaleen et. al. (2010) defined the (A, p1)-statistical convergence, and further studied in Kumar
and Mursaleen (2011) as follows:
We define the following.

Let A = (\,,) and u = (u,) be two non-decreasing sequences of positive real numbers such that
each tending to co and

)‘m-l—l < >\m+17 )\1 :Oa

and
M1 < pn + 1, 1 =0.

Let K C N x N be a two-dimensional set of positive integers. Then, the (), u)-density of K is
defined as

Sy u(K) = P —lim

N Ay fhn

Hm—An+1<j<mn—pu,+1<k<n:(jk) € K},

provided that the limit on the right hand-side exists.

A double sequence x = (z;;) is said to be (A, p)-statistically convergent to ¢ if 6, ,(E) = 0,
where £ = {j € J,,,,k € L, : |zj5 — {] > €}, i.e., if for every € > 0, lim ﬁ‘{j € Jn,kel,:

i — €] = e} = 0.
In this case, we write sty N)'h-r,? xj, = { ,and we denote the set of all (\, t)-statistically convergent
7

double sequences by S ,,.

In case A\,, = m, i, = n, the (A, u)-density reduces to the natural double density. Also, since
(Am/m) <1, (pn/n) <1, then d5(K) < 0y ,(K), for every K C N x N.

2. Statistically (), ;)-summability

We define the generalized double de la Valée-Pousin mean by

S S

mbtn j€Jm k€I,

tmn -
A

where J,, = [m — A\, + 1,m] and I,, = [n — p,, + 1,n].
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A double sequence = = (z;;) is said to be (V, A, yu)-summable to a number ¢, if

P-limt,,, =¢.

A double sequence x = (x)) is said to be statistically (), j1)-summable to (, if the sequence
(tmn) is statistically convergent to /. In this case, we write (A, ,u)st—lirl? zji = L.
]7

Theorem 3.

If a sequence = = (xj;) is bounded and (), ;1)-statistically convergent to L, then it is statistically
(A, pv)-summable to L but not conversely.

Proof:

Let = be bounded and (\, p)-statistically convergent to L, and K (¢) := {j € Jn, k € I, :
|z, — €| > €}. Then,

=L = |—— 3 S L

1 m n
F— > > (wp—1L)

)\m/’LTL J€Im k€I, n j=m—Am~+1k=n—pun+1
<l Y Ga-D
x. J—
I W7 7w
(4,k)EK (€)
< sup |zix — L K (e
< o (swlea-21) K@)

— 0 as m,n — oo.

Thus, x is (A, u)-convergent to L, and hence statistically (A, x1)-summable to L.

For converse, consider the case \,, = m, u, = n and the sequence x = (xjk) defined by
(1.1). Then, of course this sequence is not (\, u)-statistically convergent. On the other hand, x is
(V, A, ;v)-summable to 0, and hence statistically (), y) -summable to 0. This completes the proof
of the theorem. a

3. Korovkin type theorem

Let Cla, b] be the space of all functions f continuous on [a, b]. We know that C'a, b] is a Banach
space with norm

[fllctas == sup [f(z)], f € Cla,b].

z€[a,b]
The classical Korovkin approximation theorem states as follows (Korovkin (1960)):

Let (T,,) be a sequence of positive linear operators from C/[a, b] into C|[a, b]. Then,

li7rln \T.(f, ) = f(x)|lclay = 0,Vf € Cla, b]

https://digitalcommons.pvamu.edu/aam/vol12/iss1/3
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if and only if
lim || 75, (€5, 2) — €i(x) | cfapy =0, ©=0,1,2;

where
eo(z) =1,
e1(r) =z,
and
ex(z) = 2%

Quite recently, such type of approximation theorems have been established for functions of
one and/ or two variables, by using statistical convergence [Dirik and Demirci (2010), Gadjiev
and Orhan (2002)]; generalized statistical convergence [Aktuglu (2014), Belen and Mohiuddine
(2013), Braha et. al. (2014), Edely et. al.(2010), Srivastava et. al. (2012) ]; A-statistical conver-
gence (Dirik and Demirci (2010)); statistical A-summability (Belen et. al. (2012), Demirci and
Karakug (2013)); statistically summability (C, 1) (Mohiuddine et. al. (2012)); weighted statistical
convergence (Braha et. al. (2015), Kadak (2016), Mohiuddine (2016), Ozarslan and Aktuglu) and
almost convergence (Mohiuddine (2011)). In this paper, we extend the result of (Tasdelen and
Erengin (2007)) by using the notion of statistical summability (C,1,1) and show that our result
is stronger than those proved by Tasdelen and Erengin (2007) and Dirik and Demirci (2010).

Let [ =[0,A], J=1[0,B], A,B€ (0,1) and K = I x J. We denote by C(K), the space of all
continuous real valued functions on K. This space is a equipped with norm

[ fllew) == sup |f(z,y)l, | e CK).

(z,y)EK

Let H,(K) denote the space of all real valued functions f on K such that

-t 1zo (5 (1 - 15 ) (i 15) )

where w is the modulus of continuity, i.e.,

w(fio) = sup  {|f(s,t) = flz,y)] s V(s —2)2 + (t — y)* < 5}

(s,t),(z,y)EK

It is to be noted that any function f € H,(K) is continuous and bounded on K.
The following result was given by Tasdelen and Erencin (2007).
Theorem A.

Let (Tj) be a double sequence of positive linear operators from H,(K) into C'(K). Then, for
all f € H(K),

P- i |Tadfien) = o) <o ()
hmee O(K)
if and only if
J,k—00 C(K)

Published by Digital Commons @PVAMU, 2017
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where
folz,y) =1,
filz,y) = 1f$>
folz,y) = %»
and

s = (1) +(15)

Recently, Dirik and Demirci (2010) proved the following theorem.
Theorem B.

Let (Tj) be a double sequence of positive linear operators from H,,(K) into C'(K). Then, for
all f e H,(K)

st)- Jim [ Ty4(f52,9) = f(2,9) =0, (L)
7,k—00 C(K)
if and only if
st Aim ‘ Tin(fis o, y) — fi =0(=0,1,2,3), 2y
Jk—o0 C(K)

Now, we prove the following result.
Theorem 4.

Let (7)) be a double sequence of positive linear operators from H,,(K) into C(K). Then, for
all f € H,(K),

(A, st — -Hm|| Ty (fr2,9) — fz,y)| =0, (3.1)
C(K)
if and only if
(A, 1)t — —lim‘ Tik(Liz,y) —1 =0, (3.2)
C(K)

s x
A p)se — -im||Ti e | ——s 2,y | — =0, 3.3
(hh) qjxhwxgl_xmj (3.3

. t Yy
<)\a ,u)st —-lim T'],k(—v T, y) -3 = 07 (34)

1—-t 1—y C(K)

=0. (3.5)
O(K)

(25 () () ()

https://digitalcommons.pvamu.edu/aam/vol12/iss1/3
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Proof:
Since each 1, 1%, 1%, (157)% + (12;)? belong to H,,(X), conditions (3.2)~(3.5) follow immedi-

ately from (3.1). Let f € H,(K) and (z,y) € K be fixed. Then, after using the properties of
f, a simple calculation gives that

| T (f52,y) — fl2,y) |§ Tik(l f(s,t) = f(@,9) s, 9)+ | f(zy) || Tiw(fosz,y) — folw,y) |

<e+t (5+N+ ) | T (fo; v, y) — fo(z,y) | +452 | Tiw(fr;2,9) — fi(z,y) |

N N
+Zt5—2 | T (fo; 2, y) — fa(z,y) | +2—2 | Tk (f3;m,y) — f3(z,y) |

<e+ M{|Tjn(forz,y) — folz,y) [+ | Tin(fr;z,y) — fi(z,y) |

+ | ﬂ,k(f27x7y> - f2<x7y) | + | iTj,k(f?nxay) - f3(x7y) | }7
where N =|| f ||c(x) and

Vw2 (ALY (B YY) AN(A ) v By o
- maxy e 2 \\1-4 1-5) ) e\1i—a) e \1-B) [

Now, replacing T (f;z,y) by Amun > ican 2orer, Lin(f;7,y) and taking sup, ,cx, We get

I 5 ¥ Tulfirs)- ro)  seen(|5 5 3 Tulhir-fie
i S mutirn-fen)| | S S malr-nley
Amin JEIm k€L, C(K) Amin jE€Im ke, C(K)
i & S tatsen - flen)| ). 30)
A b j€Jm kel, C(K)
For a given r > 0, choose € > 0 such that ¢ < r. Define the following sets:
D= {immm<pandn <[ o 3 S muhionn - fen)| o),
Amfin jE€Jm kEI, C(K)
r—e
Dl = {<m7n)7m§pandn§q: szyk fO?xy fO(IMy) Z AK }7
AmHn j€Jm kel, C(K)
r—e
Dyi={mmom <pand g | o 3 S Tathinn) - Ao =725
m/j/n jEJm k‘EIn C(K)
r—e
Dgz{mn m<pandn<q: > 2 Tinlfnwy) = fley)| > }
Al JEIm kL, C(K)
r—e
Di={mmom <pand n < |2 5 S Talinn) - At =T
Ambn jE€Im kely, C(K)

Published by Digital Commons @PVAMU, 2017
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Then, from (3.6), we see that D C Dy U Dy U D3 U Dy, and therefore 0, ,{D} < 65 ,{D:1} +
np{D2} + 0r,{Ds} + 0r,{D4s}. Hence, conditions (3.2)—(3.5) imply the condition (3.1).

This completes the proof of the theorem. o

4. Example

We show that the following double sequence of positive linear operators satisfies the conditions
of Theorem 3.1 but does not satisfy the conditions of Theorem A and Theorem B.

Example 5.

Consider the following Meyer-Konig and Zeller (1960) operators:

= — ' k m+35\ (n+k\ .
B . = (1— m~+1 1— n+1§ : J j k
mald3 %) = (12" 1) jZO;f(j+m+1’k+n+l)< j )( k )gjy
(4.1)

where f € H,(K), and K = [0, A] x [0, B], A, B € (0,1). Since, for z € [0, 4], A € (0,1),

=2 (")

j=0

it is easy to see that
Bm,n(fo;xay) = f0($7y)

Also, we obtain

and similarly

Finally, we get

ety S

7=0 k=0
= (1 — )1 — )" x ii j (m+j) (n+k 21k
m+1j:0k:0m+1m!(j—1)! k
e~ bk (mAG\ (n+k)
1— m+1 1 — n+1 Y 7. k—1
=2 (1 =) n+1§;n+l J n!(k:—l)!xy

https://digitalcommons.pvamu.edu/aam/vol12/iss1/3
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=N — +i+1) (n4E\
— (] — )yt — i m i1,k
| x;§m+1 T A A
L Y
7=0 k=0
= — +E+D) (mEg\ o
1 — pym+i(] — )t Y (n 3, k—1
Fl =) (=) e y;;(nﬂ)!(l{—n! i)Y
e~ n+k+1\ (m+]
ik
()
7=0 k=0

_m+2 x 2+ 1 x +n—|—2 Yy 2+ 1 Y
T m+1\l—-2z) m+ll—2 n+l\l—-y) n+ll-y

- () ()

Therefore, the conditions of Theorem A are satisfied, and we get for all f € H,(K) that

= 0.

P- lim ’
C(K)

J,k—o00

Tix(fimy) = fl2,y)

Now, define w = (W) by Wiy = (—1)™ for all n. Take A\, = n, p,, = m. Then, this sequence
is neither P—convergent nor (A, u1)-statistically convergent but it is statistically (A, ;1)-summable
to 0 (since (C,1,1)-limw = 0). Let L,,, : H,(K) — C(K) be defined by

Ly (f32,y) = (1 4 Woin) Bn (f5 7, 1)

It is easy to see that the sequence (L,, ) satisfies the conditions (3.2)—(3.5). Hence by Theorem
3.1, we have

A )i i || Ly o (f52,9) = f (2, 9)]| = 0.

On the other hand, the sequence (L, ,,) does not satisfy the conditions of Theorem A and Theorem
B, since (L,,,) is neither P—convergent nor (A, u)-statistically convergent. That is, Theorem A
and Theorem B do not work for our operators L,,,. Hence, our Theorem 3.1 is stronger than
Theorem A and Theorem B.

5. Conclusion

We introduced a new method of summability, namely, statistical (A, ;t)-summability and obtained
its relation with (A, u)-statistical convergence. As an application of our method, we have used it
to prove a Korovkin type approximation theorem for functions of two variables. Through Meyer-
Konig and Zeller operators, we have shown that our result is stronger than the previous results
proved for P—convergence and statistical convergence.
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Applications and Applied Mathematics: An International Journal (AAM), Vol. 12 [2017], Iss. 1, Art. 3

44 M. Mursaleen

Acknowledgments

The present research was supported by the Department of Science and Technology, New Delhi,
under grant No. SR/S4/MS:792/12.

REFERENCES

Aktuglu, H., (2014). Korovkin type approximation theorems proved via «/3-statistical conver-
gence, J. Comput. Appl. Math., Vol. 259, pp. 174-181.

Belen, C. and Mohiuddine, S. A., (2013). Generalized weighted statistical convergence and
application, Appl. Math. Comput., Vol. 219, pp. 9821-9826.

Belen, C., Mursaleen, M. and Yildirim, M., (2012). Statistical A-summability of double se-
quences and a Korovkin type approximation theorem, Bull. Korean Math. Soc., Vol. 49, No.
4, pp. 851-861.

Braha, N.L., Loku, V. and Srivastava, H.M., (2015). A%2-Weighted statistical convergence and
Korovkin and Voronovskaya type theorems, Appl. Math. Comput., Vol. 266, No. 1, pp.
675-686.

Braha,N.L., Srivastava, H.M. and Mohiuddine, S.A., (2014). A Korovkin’s type approximation
theorem for periodic functions via the statistical summability of the generalized de la Vallée-
Pousin mean, Appl. Math. Comput. Vol. 228, pp. 162-169.

Demirci, K. and Karakus, S., (2013). Korovkin-type approximation theorem for double se-
quences of positive linear operators via statistical A-summability, Results. Math., Vol. 63,
No. 1, pp. 1-13.

Dirik, F. and Demirci, K., (2010). Korovkin type approximation theorem for functions of two
variables in statistical sense, Turk. Jour. Math., Vol. 34, pp. 73-83.

Dirik, F. and Demirci, K., (2010). A Korovkin type approximation theorem for double sequences
of positive linesr operators of two variables in A-statistical sense, Bull. Korean Math. Soc.,
Vol. 47, pp. 825-837.

Edely, O.H.H., Mohiuddine, S.A. and Noman,A.K., (2010). Korovkin type approximation theo-
rems obtained through generalized statistical convergence, Appl. Math. Letters, Vol. 23, pp.
1382-1387.

Fast, H., (1951). Sur la convergence statistique, Colloq. Math., Vol. 2, pp. 241-244.

Gadjiev, A.D. and Orhan, C., (2002). Some approximation theorems via statistical convergence,
Rocky Mountain J. Math., Vol. 32, pp. 129-138.

Kadak,U.,(2016). On weighted statistical convergence based on (p, q)-integers and related ap-
proximation theorems for functions of two variables, J. Math. Anal. Appl., Vol. 443, pp.
752-764.

Korovkin, P.P., (1960). Linear operators and approximation theory, Hindustan Publ. Co., Delhi.

Kumar, V. and Mursaleen, M., (2011). On (), p)-statistical convergence of double sequences
on intuitionistic fuzzy normed spaces, Filomat, Vol. 25, No. 2, pp. 109-120.

Meyer-Konig, W. and Zeller, K., (1960). Bernsteinsche potenzreihen, Studia Math., Vol. 19,
pp- 89-94.

https://digitalcommons.pvamu.edu/aam/vol12/iss1/3



Mursaleen: Generalized statistical summability of double sequences

AAM: Intern. J., Vol. 12, Issue 1 (June 2017) 45

Mohiuddine, S.A.,(2011). An application of almost convergence in approximation theorems,
Appl. Math. Letters, Vol. 24, pp. 1856-1860.

Mohiuddine, S.A.,(2016). Statistical weighted A-summability with application to Korovkin’s
type approximation theorem, J. Ineq. Appl., Vol. 2016, Article ID 101.

Moricz,F., (2003). Tauberian theorems for double sequences that are statistically summability
(C,1,1), J. Math. Anal. Appl., Vol. 286, pp. 340-350.

Mursaleen, M., Cakan, C., Mohiuddine, S. A. and Savas, E., (2010). Generalized statistical
convergence and statitical core of double sequences, Acta Math. Sinica, Vol. 26, No. 11, pp.
2131-2144.

Mursaleen, M. and Edely, O.H.H., (2003). Statistical convergence of double sequences, J. Math.
Anal. Appl., Vol. 288, pp. 223-231.

Mursaleen, M., Karakaya, V., Ertiirk, M. and Giirsoy, F., (2012). Weighted statistical conver-
gence and its application to Korovkin type approximation theorem, Appl. Math. Comput.,
Vol. 218, pp. 9132-9137.

Ozarslan, M.A. and Aktuglu, H. Weighted a/3-statistical convergence of Kantorovich-Mittag-
Leffler operators, Math. Slovaca, Vol. 66, No. 3, pp. 695-706.

Pringsheim, A., (1900). Zur theorie der zweifach unendlichen Zahlenfolgen, Math. Z., Vol. 53,
pp- 289-321.

Srivastava, H.M., Mursaleen, M. and Khan, A., (2012). Generalized equi-statistical conver-
gence of positive linear operators and associated approximation theorems, Math. Comput.
Modelling, Vol. 55, pp. 2040-2051.

Tagdelen, F. and Erengin, A., (2007). The generalization of bivariate MKZ operators by multiple
generating functions, J. Math. Anal. Appl., Vol. 331, pp. 727-735.

Author’s Biographical Note:

The author is a full Professor & Chairman, Department of Mathematics, Aligarh Muslim Uni-
versity, India. His research interests are in the areas of pure and applied mathematics including
Approximation Theory, Summability Theory, Measures of Noncompactness, Fixed Point Theory,
Operator Theory etc. He has published more than 260 research articles in reputed international
journals. He is member of several scientific committees, advisory boards as well as member
of editorial board of a number of scientific journals. He has visited a number of foreign uni-
versities/institutions as a visiting scientist/ visiting professor and delivered a number of talks.
Recently, he has been awarded the Outstanding Researcher of the Year 2014 of Aligarh Muslim
University.

Published by Digital Commons @PVAMU, 2017

11



	Generalized statistical summability of double sequences and Korovkin type approximation theorem
	Recommended Citation

	tmp.1627013718.pdf.FA3YG

