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Abstract

In this paper, we derive generating functions for the Laguerre-Gould Hopper polynomials in
terms of the generalized Lauricella function by using series rearrangement techniques. Further,
we derive the summation formulae for that polynomials by using different analytical means on
its generating function or by using certain operational techniques. Also, generating functions

and summation formulae for the polynomials related to Laguerre-Gould Hopper polynomials are
obtained as applications of main results.

Keywords: Laguerre-Gould Hopper polynomials; Lauricella function; Generating function; Sum-
mation formulae

MSC 2010 No.: 33B10, 33C45, 33C65

1. Introduction and preliminaries

Very recently (Khan and Al-Gonah, 2012) introduced the Laguerre-Gould Hopper polynomials
(LGHP in the following) LHfLm’S) (x,y,z) and studied their properties. These polynomials are
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defined as:

(ms o ; m nskxy)
LH™ (x,y,2) =n! Z K(n— skl (1.1)

where the symbol [ } denotes the greatest integer less than or equal  and ,,L,(x,y) are the
2-variable generalized Laguerre polynomials (2VgLP) defined by the series definition (Dattoli

et al., 1999):
- 1.2
n(2,9) nz 7" n—mr)‘ (12)
and by the operational definition
am
mLn(7,y) = exp (D laym) {y"} (1.3)
where D! denotes the inverse of the derivative operator D, a and is defined in such a way
that T
D1} = =g | - e (1.4
’ (n—1)! Jo ’
so that for f(x) = 1, we have
n o
D;*{1} = - (1.5)

The polynomials LHfLm’S) (x,y, z) are defined by the following generating function:
"
exp(yt + 2t*)Co(—xt™ ZLH(mS T, 2 ) E (1.6)

where Cy(z) denotes the 0" order Tricomi function. The n'* order Tricomi functions C,,(z) are
defined as (Andrews, 1985):

Co() = ; % (1.7)

Also, we recall that the generalized Bessel function or the Bessel-Wright function is defined by
(Srivastava and Manocha, 1984)

(m 1
o Zk" n—l—mk: (1.8)

which for z — —x yields (Dattoli et al., 2006, p.33)

o0 k
T
= E _ Ny :=NuU{0}; N 1.9
m) - k:'(n—l—mk:)‘ (ne 0 { },mE ) ( )
and for m = 1, reduces to the n'® order Tricomi functions (1.7). The associated Laguerre
polynomials L%(z) are defined by the series (Abramowitz and Stegun, 1992)

n

N —1D* (n+a)! 2*
L"(x):kz:ogn—)k)(!(a+3€)!k!’ a=01,2 .. . (1.10)
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Also, the LGHP ,H™"(z,y, z) are defined by the following operational rules:

(m,s) _ ’

LH™¥ (@,y, 2) = exp (Zays) {an(x,y)}, (1.11a)

LH(m,S) (l‘ y Z) = exp D1 am {H(S) (y Z)} (1.116)
n 7 ) X aym n ) )

where HY (x,y) are the higher-order Hermite polynomials, some times called the Kampé de
Fériet or the Gould-Hopper polynomials (GHP) defined by (Gould and Hopper, 1962, p.58), see
also (Dattoli et al., 2000a)

k,.n—sk

(%]
S S y x
g, y) = H( )(f y) = ”'Zm (1.12)

The polynomials g (x,y) are specified by the generating function

exp(xt + yt*) ZH(S x y (1.13)

and by the operational definition

HE) (2, y) = S {a"}. 1.14
2 (z,y) = exp (y axs) T (1.14)
(x,y) for these polynomials, but due to their link

(Gould and Hopper, 1962) used the notation g?
with the Hermite polynomials the notation Hy ( ,y) was used in most of the works. We also

follow the notation F* )(x, y) in this paper. We note the following special cases:

an(_x>y) = Ln(x,y), (115)
Hff)(x,y) = H,(x,y), (1.16a)
H®(x,0) = H,(z,0) = ", (1.16b)

where L, (z,y) denotes the 2-variable Laguerre polynomials (2VLP) (Dattoli and Torre, 1998)
and H,(x,y) denotes the 2-variable Hermite-Kampé de Fériet polynomials
(2VHKAJFP) (Appell and de Fériet, 1926) respectively. Also, we note that

1

H, (x, —5) = He,(z), (1.17)

where He, (x) denotes the classical Hermite polynomials (Andrews, 1985). Further, we have
LH P (—,y,2) = LHa(2,y, 2), (1.18)

(1,2) 1 1 .
L[—In7 _:E>y7_§ :LHH [E,’y,—§ :LHn(x7y) (119)
and

LHV(=,y, 2) = L(z,y + 2), (1.20)
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where  H,,(x,y, z) denotes the 3-variable Laguerre-Hermite polynomials (3VLHP) (Dattoli et al.,
2000a) and ;H}(z,y) denotes the 2-variable Laguerre-Hermite polynomials (2VLHP) (Dattoli
et al., 2000b), respectively. The study of the properties of multi-variable generalized special
functions has provided new means of analysis for the solution of large classes of partial differential
equations often encountered in physical problems. The relevance of the special functions in
physics is well established. Most of the special functions of mathematical physics as well as
their generalizations have been suggested by physical problems. We know that the 2VHKdFP
H,(z,y) are solutions of the heat equation

0 0?

with the initial condition
H,(x,0) = a". (1.21b)
Also, the 2VLP L, (z,y) are natural solutions of the equation
0 o 0
Iy = — (Lol Loz y), 1.22
Sotnla) = = (gpag) Ll (1.220)
with the initial condition .
Lu(z,0) = (_f) : (1.22b)
n

which is a kind of heat diffusion equation of Fokker-Plank type and is used to study the beam
life-time due to quantum fluctuation in storage rings (Wruullich, 1992). In reference (Dattoli,
2004), it has been shown that the summation formulae of special functions, often encountered in
applications ranging from electromagnetic processes to combinatorics, can be written in terms of
Hermite polynomials of more than one variable. The work of this paper is motivated by the results
on generating functions for the extended generalized Hermite polynomials due to (Greubel, 2006)
and the recently derived summation formulae for Hermite and the Gould-Hopper polynomials by
(Khan et al., 2008) and (Khan and Al-Saad, 2011). Throughout this work, we use the Pochhammer
symbol ()),, , defined by (Srivastava and Manocha, 1984, p.21)

1, if n=0
(A = { AMAED) (A fn—1), if nel,23 (1.23)
also, we note that
Nimtn = V(A + 1) (1.24)
(n — mk)! = % 0<k< [%} (1.25)
and "
(n—M)!:%, 0< M <n, (1.26)

where M is defined by M = miki +moko 4 - - - +mjk;, my,ma,...,m; € N ki, ko, ..., k; € No.
We recall that, the Kampé de Fériet function of two variables is defined by (Srivastava and
Manocha, 1984, p.63)

. . . oo P_ i) pas Q_ b'r I?_ ci)s 7 u°
k[ to ) = 3° L@t ileh 2y oy

r,5=0 Hé':l (@))r4s H;nzl (Bj)r H;LZI (7)s r! s!
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A further generalization of the Kampé de Fériet function (1.27) is the generalized Lauricella
function of several variables, which is defined as (Srivastava and Manocha, 1984, p.64):

A:B';B":....B(™)
Eeprpr po (215225005 Zn)

A:BBY B0 ([(@),07 o 6L ()26 s s [(00): 6],
= Fcpipn ipm <[(c):wcw’c...,wn:[<d'>:af1;[(d”):6“1;...;[<d<n>>:6<n>1; 21’227“'72“)

o)

= Z Q(my, ma, ..., my)

Mmn

27" 292 2

(1.28)

mylme m,!
where
Q(my, ma, ..., my)
HJA=1(G )m19’+m29”+ +mn 6" HJ 1( j)mi s, H;B:Nl(b/'/)m?(z’}/ Hf:(?(bgn))mn¢§n)
(126 et T T TS ),
and the coefficients

0 =12, 4 ¢ j=1,2..B0; ¢ j=12 . ¢C; s" =12 ,D",

forall k € {1,2,...,n} are real and positive, (a) abbreviates the array of A parameters a1, as, ..., a,
(b)) abbrev1ates the array of B*) parameters b( J=12.,B®; forall k € {1,2,...,n}
with similar interpretations for (¢) and (d®), k = 1,2,...,n; et cetera. Note that, when the
coefficients in equation (1.28) equal to 1, the generalized Lauricella function (1.28) reduces to a
direct multivariable extension of the Kampé de Fériet function (1.27). Taking coefficients equal
to 1 in definition (1.28) and for n = 3, we have the Kampé de Fériet function of three variables

/ /! 11N .
D:q1;92;93 piqisqzigs [ (ap):(VG, )i (b, )il(bge);
Flapionia (21,22, 28) = Filo <<cz>:<dg1);<dg’ y(dz); L #2073
o0

3 IT5 1 (aj)mimasms TT72y (05 )y TT720 (0 )iy T2 (B )oms
mi,mo,mz= OHy 1(Cj)m1+m2+m3H ( )m1H (d;/)mz Hj’il(d;'//)m:s

2’1 Zz Zs

(1.29)
ml‘ mgl mgl

As an illustration, we derive the following explicit representation of the LGHP
LHS™) (2,9, 2) in terms of the generalized Lauricella function of two variables:

00 ( [nssmlies —s ~1\°¢ —1\™
s = (s (S e (2)) am

In order to derive representation (1.30), we use series definition (1.2) of the 2VgLP ,,, L, (x,y)
in the r.h.s. of definition (1.1), so that we have

sk+mr<n eryn sk—mr
H(m 5) = nl 1.31
g (z,y,2) = ! IMZO El(r!)2(n — sk —mr)! (1.31)

Now, using equation (1.26) and the elementary factorial property n! = (1),, in the r.h.s. of equation
(1.31) and in view of definition (1.28) (for n = 2), we get representation (1.30). In this paper,

Published by Digital Commons @PVAMU, 2014
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we derive the generating functions for the LGHP ,H\™(z,y, z) in terms of the generalized

A B B// B/// . . .
Lauricella function of three variables F~. .,/ |.| Dy using series rearrangement techniques.
C:D':D".D

Further, we derive the summation formulae for the LGHP by using different analytical means on
the generating function of the LGHP LHfLm’S) (x,y, z) or by using certain operational techniques.
2. Generating functions for the Laguerre-Gould Hopper polynomials

First, we prove the following generating function for the LGHP LHfLm’S) (x,y,2).

Theorem 2.1. For a suitable bounded sequence {f(n)},—, , the following generating function
for the LGHP LH™) (x,y, z) holds true:

Zf LI—I(mS xy, )t

(1)n+sk+mr (yt)n (Zts)k (xtm)r
(1), n! k! rl

Z f(n+ sk +mr)

n,k,r=0

(2.1)

Proof. Denoting the L.h.s. of equation (2.1) by A; and using equation (1.31), we find

oo sk+mr<n n— sk—mrtn

2Py
Al_n'z Z f(n k:'r' 2(n — sk —mr)!’

n=0 k,r=0

Replacing n by n+ sk-+mr in the above equation and using the lemma (Srivastava and Manocha,

1984, p.102):
M<n
Z > ¢(k1,k2,-- ki Z Z Dk, ks -+ ki + M), (2.2)
n=0 ky ,kg,....kp= n=0 ky kg,.... kr=0
where M is defined by M = miki+moko+- - - +mjk;, mqi,ma,...,m; € N ki, ko, ..., k; € N,
we find

(n + sk 4+ mr)! (yt)"(zts)k(xtm)r‘

D flntsk+mr) Ik ()2

n,k,r=0

Now, using the elementary factorial property n! = (1), , we get the r.h.s. of assertion (2.1) of
Theorem 2.1.

Remark 2.1. Taking f(n) = e 11(_1191)1(1'[&?)1(%)
J=

definition (1.28) (for n = 3), we deduce the following consequence of Theorem 2.1.

in assertion (2.1) of Theorem 2.1 and using

Corollary 2.1. The following generating function for the LGHP LHfLm’S) (x,y, z) holds true:
00 p_ ai),
Z Hg_l( Jl) LH(mS)([L‘ y, 2 ) t
q
n=0 11lj=1 (05)n Hj:l (¢j)n

p-+1:0;0;0 [(a):1,8,m],[1:1,5,m]:—;—; —;
F q+1:0;0;1 <[(b)(11:11757m]7[(0) 1, m]Z 3= ;[1:1]; yt

https://digitalcommons.pvamu.edu/aam/vol9/iss2/1
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where the notation (a)} is used to represent the product [[;_, a;

Remark 2.2. Taking f(n) = E@ 1((b ))” in assertion (2.1) of Theorem 2.1 and using definition
1

(1.28) (for n = 3), we deduce the following consequence of Theorem 2.1.

Corollary 2.2. The followzng generating function for the LGHP [ Hy, (m.s) (x,y, z) holds true:
Z LH™ (w,y,2) 1

+1:0;0;0 [ [(a)}:1,5,m],[1:1,8,m]:—;—; —; R m
= "m0 < U e am)— g Y6 2T ) (24)

Next, we prove the following bilateral generating function for the LGHP LH™ (x,y,2).

Theorem 2.2. The following bilateral generating function for the LGHP LHfLm’S) (x,y,z) holds
true:

= FIOZ:(?;(];O <[1 1,s ":].'_;'_;'[1:1];; yt, Zts - 'UJ, [L’tm) . (25)

n

t
Zﬂs ) LH™ (2, y, 2)

Proof. Denoting the Lh.s. of equation (2.5) by A, and using definitions (1.8) and (1.31), we find

i sk—%<n p,wpz xryn sk— mryn
(n —l— sp)k!(r1)2(n — sk — mr)!

n,p=0 k,r=0

Replacing n by n + sk + mr and using equation (2.2) in the resultant equation, we find

An— i (_1)p,wpynzertn+sk+mr
2 (n+ sk + sp+mr)! pln! k! (r)2

n,p,k,r=0

Now, replacing k£ by k — p in the above equation and using equation (1.25) (for m = 1) in the
resultant equation, we find

N (yt)M etk (ot
B = Z ( - n'k:'r‘;o <zts) ' (26)

ok r=0 1)n+sk+mr 7"

Finally, using the expansion (Srivastava and Manocha, 1984)

(1=2)?=> (M = (2.7)

n=0

and definition (1.28) (for n = 3) in equation (2.6), we get the r.h.s. of assertion (2.5) of Theorem
2.2.

Remark 2.3. Taking w = 2zt® in assertion (2.5) of Theorem 2.2, we deduce the following
consequence of Theorem 2.2.

Published by Digital Commons @PVAMU, 2014
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Corollary 2.3. The following bilateral generating function for the LGHP LHfLm’S) (x,y, z) holds

true: .
n L N
Z Jf(LS) (Zts) LHr(Lqu) (l’, Y, Z)g = Flo(? 7 <[1:1,m,]:.—;7[1:1];7 yt’ xt ) : (28)
n=0 ’

In the forthcoming section, we establish summation formulae for the LGHP LHfLm’S) (x,y,2) by
using series rearrangement techniques and also by making use of the operational techniques.

3. Summation formulae for the Laguerre-Gould Hopper polynomials

First, we prove the following result involving the LGHP ,H{™ (z,y, z) by using series rear-
rangement techniques:

Theorem 3.1. The following summation formula for the LGHP LHfLm’S) (x,y, z) holds true:

k1

m,s 7 k l s m,s

120w = 3 (5) () - o= B e G
n,r=0

Proof. Replacing ¢ by ¢ 4+ u in equation (1.6) and using the formula (Srivastava and Manocha,

1984, p.52):

n

Zf xﬂ/ aner —,ﬂ (3.2)

n,m=0

in the resultant equation, we find the following generating function for the LGHP ; H\™*) (2, y, 2):

exp(y(t +u) + 2(t +u)")Col—a(t +u)") = D o L (. 2),
El=0
which can be written as
Co(—z(t+u)™) = exp(—y(t +u) — 2(t + u)® Z l{:‘F L ,ETZS (2,9, 2). (3.3)
ke =0

Replacing y by w and z by v in equation (3.3) and equating the resultant equation to itself, we
find

- (ms
Z ]{E'F L k+1 ([L‘,QU,U)
k,l=0

= Rt m.s

= exp((w = y)(t+u) + (v = 2)(t+w)°) Y o 1B (w0, 2), (3.4)
kl=0 "

which on using the generating function (1.13) in the exponential on the r.h.s., becomes

o

th

EF LHIETiS) ([E, w7 U)

k=0

https://digitalcommons.pvamu.edu/aam/vol9/iss2/1
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o o
(t —l— u)" (m,s)
Z 'LU y>'U_Z Z ]{E'F LHk—i—l ([L‘,y,Z). (35)
n=0 k,l=0

Again, using formula (3.2) in the first summation on the r.h.s. of equation (3.5), we have

AT
k:'F LHy (z,w,v)
Je,I=0
[e.e] tnuT (S) [e.e] (ms
B Zo nlr! Hyier(w =y, v = 2) Z /{:‘F Ly (2, 2). (3.6)

Now, replacing k by £ —n and [ by [ — r in the r.h.s. of equation (3.6) and using the lemma
(Srivastava and Manocha, 1984, p.100):

DD A k) =YY Al k—n), (3.7)

k=0 n=0 k=0 n=0

in the resultant equation, we find

2tk m.s
Il Lng+i )(x,w,v)
kl=0 "
= tkul HfL )7' w y? m,S
}j}j W90 2) ) pons (g2, (33)

nlrl(k —n)l(l —r)! h=n=r

Finally, on equating the coefficients of like powers of ¢ and u in equation (3.8), we get assertion
(3.1) of Theorem 3.1.

Remark 3.1. Replacing v by z in assertion (3.1) of Theorem 3.1 and using relation (1.16b), we
deduce the following consequence of Theorem 3.1.

Corollary 3.1. The following summation formula for the LGHP LHfLm’S) (x,y, z) holds true:

k.l
m.S 7 k l n—+r
T w2 = Y ( )( )(w—y) o LHTD (2, 2). (3.9)

n r
n,r=0

Next, we prove the following result involving the product of the LGHP  H™ (x,y, 2) by using
series rearrangement techniques:

Theorem 3.2. The following summation formula involving product of the LGHP LHflm’s) (x,y, 2)
holds true:

m,Ss m,Ss — n r S
LH) (2w, u) (HI™ (X, W,U) = ) (,{) (p)HMw—y,u—z)

k,p=0

xHO(W = Y,U — Z) LH" ) (2,y,2) LH (XY, Z). (3.10)

Published by Digital Commons @PVAMU, 2014
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Proof. Consider the product of the LGHP generating function (1.6) in the following form:
exp(yt + YT + 2t° + ZT°) Co(—at™) Co(—XT™)
N me) (m,9) T
:ZZLHn ’ (x,y,z) LHr ’ (X>Y>Z)_ (311)

nl ol
n=0 r=0

Replacing y by w, z by u, Y by W and Z by U in equation (3.11) and equating the resultant
equation to itself, we find

(o] (o] tn r
SO LHE (w,w) L (X, W,U) = exp(w = y)t+ (u = 2)t°)
n=0 r=0 T
o o tn TT
x exp(W =Y)T + (U = Z2)T°) Y Y L HI™(x,y,2) LH™)(X,Y, Z)=— (312)

n=0 r=0
which on using the generating function (1.13) in the exponentials on the r.h.s., becomes

o (o] tn TT
S S L HE s w,w) fHE (X W 0)
n:r.
n=0 r=0
= > > HIw—yu—2) H(wy,2) g HOW = Y,U - 2)
n,k=0 r,p=0
Tr+p
x (H™)(X,Y,Z) : (3.13)
rip!

Finally, replacing n by n — k, r by » — p and using equation (3.7) in the r.h.s. of the above
equation and then equating the coefficients of like powers ¢ and 7', we get assertion (3.10) of
Theorem 3.2.

Remark 3.2. Replacing « by z and U by Z in assertion (3.10) of Theorem 3.2 and using relation
(1.16b), we deduce the following consequence of Theorem 3.2.

Corollary 3.2. The following summation formula involving product of the LGHP LHfLm’S) (x,y, 2)
holds true:

ot w2) B2 = Y () () - wrov vy
k) \p
k,p=0
< LH @y, 2) LH (XY, Z). (3.14)

Further, we prove the following results connecting the LGHP ; H\™(z,y, z) with the 2VgLP
mLn(x,y) and the GHP HY (x,y) by using operational techniques:

Theorem 3.3. The following summation formula for the LGHP LHflm’s) (x,y, z) holds true:

n

kil
m,Ss : k l S
LHIE_H’ )(z,w,y) = Z ( ) (T)anM(z,w — ) H,gﬁl_n# (z,y). (3.15)

n,r=0

https://digitalcommons.pvamu.edu/aam/vol9/iss2/1
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Proof. We start by a recently derived summation formula for the GHP HY (z,y) (Khan and
Al-Saad, 2011, p.1538)

k,l
s ~ (k\ [l I
i) = 3 () (0w aral, e, (3.16)
n,r=0

Operating exp (D‘la‘zu—mm) on both sides of equation (3.16), we have

z

L om s
exp (Dz lﬁw—m) Higﬁz(u%y)

- i (i) (i) Hy1 ey (,y) exp (D; laaw_mm) (w—z)". (3.17)

n,r=0

Using the operational definitions (1.11b) and (1.3) in the L.h.s. and r.h.s., respectively of equation
(3.17), we get assertion (3.15) of Theorem 3.3.

Theorem 3.4. The following summation formula for the LGHP LHfLm’S) (x,y, z) holds true:

k.l
m,s : k l s
Lng—i-l )(y> w, Z) = Z_O (n) (T) Hr(z—zr (w - X, Z) mLk—i-l—n—?" (y> l‘) (318)

Proof. Replacing s by m and y by D 1'in equation (3.16) and then using the following link
between the GHP H\" (z,y) and the 2VgLP ,, L, (z,y) (Dattoli et al., 1999, p.213):

H(y, D) = mLn(z,y), (3.19)

in the resultant equation, we find the following summation formula for the 2VgLP ,,L,,(z,y):

Kyl
~ (k\ [ .

A ED M ([ (R A (3.20)

Now, operating exp (2%) on equation (3.20) and using operational definitions (1.11a) and (1.14)

in the Lh.s. and r.h.s., respectively of the resultant equation, we get assertion (3.18) of Theorem
3.4.

4. Applications
I. Taking p = ¢ = [ = 1 in equation (2.3), we get

- (al)n m.s n :0:0; ai:l,s,m|,[1:1,sm|:—;—; —; s m
Z(iLHf(L 7)(‘(L‘J/?Z) t :F;(?,bo,’lo <[ o A ] [1:1]; yt72t ,l‘t ) (41)

: [b1:1,s,m],[c1:1,8,m]:—;—;[1:
n—0 bl)n(cl)n ! !
Further, taking b; = ¢; = 1 and replacing a; by a + 1 in equation (4.1), we get
- a+n m,s t 1:0;0;0 ([a+1:1,5,m]:—;—; —; s m
Z ( n )LHr(L ’ )(x,y,z) ol Fio00 <[ [1;17377,»}];_;_;[1;1]; yt, zt", xt ) . (4.2)
n=0
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II. Taking p = ¢ = 1 in equation (2.4), we get

S (al)n m,s n 2:0;0;0 ([a1:1,s,m],[1:1,s,m s m
Z ™ LH ) (,y,2) t" = Frood <[ ! ][[bl 137;»]4; ) Yt 2t @t ) . (4.3)
n=0 n

Next, taking b; = 1 and replacing a; by a in equation (4.3) and using equations (1.24) and (2.7)
in the r.h.s. of the resultant equation, we get

(m,5) "
nzzo(a)n LHn ([E,y,Z) n|

. t s t mn
1 — yt)™® FLO0 (lamml- - - 4.4
= st (g (1) o () ) (1.4

which for a = 1, becomes

D LH™M @y, 2) "
n=0

- o\’ t\"
= (1 —yt) LFy [lsm] ’ — — . 4.5
(L —yt)™ Foon [11] 1— yt L 1—yt (4.5)

Again, taking s = m in equation (4.4), we get the following generating function for the LGHP
LH™) (z,y,2) in terms of the Kampé de Fériet function of two variables F79%[] :

l:m;n
S (@ (0,5, 2) &
n L n 7y7 n'
n=0
—a pm:0;0 [ A(m,a):—;—; m " m "
= (1 - yt) FO:O;I ( ( —):—; 1; < (1—7?/15) , L (?’yt) ) ) (46)
where A(m;a) abbreviates the array of m parameters <, ¢4 . &=l > ]

III. Replacing w by —w in equation (2.5) and using definition (1.9), we get

n

t .
ZW w; s) LH™) (z,y, 2 ) Flo(%)o <[118m]: i vt 2+ w, xtm) (4.7)
n=0 n!

Again, taking s = m = 1 and replacing z by —z in equation (2.5) and using equations (1.7) and
(1.20) in the Lh.s. of the resultant equation, we get the following bilateral generating function
for the 2VLP L, (z,y) in terms of the Kampé de Fériet function of three variables:

t" 20:0:0 /it
zo Lueoy + 2 = PRS00 (73t 2t — . —at). (4.9

IV. Taking [ = 0 in equation (3.1) and replacing w by w+y, v by v+ z in the resultant equation,

we get
k

m.s k s m,Ss
LH™ (2w 4y v+ 2) = ) (n) H (w,v) LH™D (2,y, 2), (4.9)

n=
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which on taking v = 0 and using relation (1.16b), yields
k

m,s k n m,s
LH,E Nz, w+y,2) = Z (n)w LH,g_n)(x,y,z). (4.10)

n=0
Next, taking m = 1, s = 2 and replacing x by —x in equations (3.1), (3.9), (4.9) and (4,10) and
using equation (1.18), we get the following summation formulae for the 3VLHP  H, (x, vy, 2):

k.l
~ (k\ [
LHk+l(x>w>U) = Z_O (n) (T) Hn—i—?" (’LU —YUv—= Z) LHk—i-l—n—?" ([L‘,y, Z)> (411)
Sk (1
Hiatew) = > () ()= stsrens em,2) (112
"Lk
LHk(x>w + y,v + Z) = Z (n) Hn(w>v) LHk—n(x>y>z)> (413)
n=0
g
Jis - " Hy oz, y, 2). 4.14
e, = 32 ()0 (o2 (4.14)
Again, taking z = —% in equations (4.12) and (4.14) and using relation (1.19), we get the
following summation formulae for the 2VLHP [ H}(z,y):
SR (1
i w) = 30 (n) () (=)™ LH oy (2, y), (4.15)
n,r=0
"Lk
H; = k=n  H* . 4.16
Hitew )= 32 (1)t ettty (1.16)

Further, taking v = z = —% in equation (4.13) and using relations (1.17) and (1.19), we get

st =1) =3 () Hewow) 18 0n) (1.17)

V. Taking m = 1, s = 2 and replacing = and X by —z and — X, respectively in equations (3.10)
and (3.14) and using relations (1.18) and (1.16a), we get the following summation formulae
involving product of the 3VLHP [ H, (x,y, 2):

Ho () JH (X W.0) = 3 (Z) (;) Hy(w — y,u—2)

k,p=0
XHP(W - Y> U- Z) LHn_k([E,y, Z) LH?"—P(Xa Y> Z)> (418)
< /n\ [
LHn(x7w7 Z) LHT(Xa W> Z) = Z (k‘) (p) ('LU - y)k(W - Y)p

k,p=0

X LHn_k([L‘,y,Z) LHT_;,,(X, Y, Z) (419)
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Further, taking z = Z = —% in equation (4.19) and using relation (1.19), we get the following

summation formula involving product of the 2VLHP ; H(z,y):

VT (w) (W) = 3 (1) () w=wrav vy

k,p=0
x pHy y(z,y) tH_,(X,Y). (4.20)

VI. Taking [ = 0 in equations (3.15) and (3.18), we get

k
H™) — L, —)HY 4.21
RS Ol (y MACHEE AN (421
and
bk
Lngm7S) (y’ W, Z) - Z ( )HflS) ('LU -, Z) mLk—n(y, I’) (422)
n=0 n

Next, taking m = 1, s = 2 and replacing z by —z in equations (3.15) and (4.21) and then using
equations (1.18), (1.15) and (1.16a), we get the following summation formulae for the 3VLHP
LHn ([E, Y, Z):

Hi(z, ) = Z () () brrtw =it a2
LHi(z 0, y) ;( ) (2,0 — ) Hy o (2, ). (4.24)

Again, taking m = 1, s = 2 and replacing y by —y in equations (3.18) and (4.22) and then using
equations (1.18), (1.15) and (1.16a), we get the following summation formulae for the 3VLHP
LHn (l’, y7 Z):

Hily, 0, 2) = Z () () ctw=22) aali), 429
LHiy(y,w, z) = nizo (i) H,(w—x,2) Ly_n(y, x). (4.26)

Further, taking y = —% in equations (4.23), (4.24) and z = —% in equations (4.25), (4.26),
respectively and using relations (1.19) and (1.17), we get the following summation formulae for
the 2VLHP [ H (z,y):

LH (o 0) = Z () (1) ool = et o), (427
LHE (2 0) ni( ) w— 2, 2)Hep (), (4.28)
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and
Sk (1
H k+l y, Z (n) (T’) Hen—i—r ('LU - l‘) Lk—i—l—n—?" (y> l‘), (429)
n,r=0
k
LH (y,w) =) ( )Hen — ) Li-n(y, ), (4.30)
n=0
respectively.

5. Concluding remarks

In Section 3, we have established the summation formula (3.10), containing the product of the
LGHP LHfLm’S) (x,vy, z). The formula was proved by using series rearrangement techniques on the
product of the generating functions of the LGHP LH™ (x,y, z). To explore another possibility,
we consider the product of the LGHP ; H\™"(z,y, z) generating function (1.6) in the following
form:
exp((Y +y)t + (Z + 2)t°) Co(—Xt™) Co(—zt™)
= Lvamﬁ)(X» Y, Z) LHf(Lm7S)(l‘>y>Z)
n=0 r=0

tn+¢

(5.1)

nlrl’
Replacing n by n — r and using equation (3.7) in the r.h.s. of the above equation, we find

exp((Y +y)t + (Z + 2)t°) Co(—Xt™) Co(—zt™)

—ZZ( ) H™)(X,Y, Z) (H™ )(x,y,z)g, (5.2)

n=0 r=0

which on shifting the exponential to the r.h.s. and using the generating function (1.12), becomes

Co(—=Xt™) Co(—zt™) :ZZZ( )H(S Y +v),—(Z +2))

n=0 k=0 r=0
n+k

nlk!’
Again, replacing n by n — k and using equation (3.7) in the r.h.s. of the above equation, we get

s -EEE ()

n=0 k=0 r=0

X H™)(X,Y, Z) LH™) (2,y, 2) (5.3)

M

n
n!

S m,s m,S t
K HO(—(Y + 1), —(Z + 2)) LH™)(X,Y, Z) LH™ (2,9, 2) (5.4)

Taking m = 1, s = 2 and replacing X and x by —X and —z, respectively, in equation (5.4) and
using relations (1.16a) and (1.18), we find

Co(Xt) Cy(xt) zi 5 (Z) (n;k)

n=0 k=0 r=0

M
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t?’L

XHk(_(Y + y)> _(Z + Z)) LHT(X> Y> Z) LHn—k—r(x>y> Z) (55)

a.

Now, using the following generating function for the 2-variable Legendre polynomials R, (x,y)
(Dattoli et al., 2001):

Col=yt) Cofat) = 3 Rular) oo (5.

in the Lh.s. of equation (5.5) and then equating the coefficients of like powers of ¢ in the resultant
equation, we get the following summation formula for R, (z,y):

Ru(X, —2) =nl ini (Z) (“ - k) Hy(—(Y +y), —(Z + 2))

X LH?"(Xa Y> Z) LHn_k_T([E,y,Z), (57)

which on using the following link between the 2-variable Legendre polynomials R, (z,y) and
the classical Legendre polynomials P, (x) (Andrews, 1985):

R, (1% 1;3“") _Pa), (5.8)

yields the following summation formula for P, (x):

Po(x) = n! iﬂi (Z) (“ - k)Hk(—(Y +y)—(Z+2)

1- ~1-
XLHT (Txaya Z) LHn—k—r (Txay7z) . (59)

6. Conclusion

In this paper, we have established some generating functions for the Laguerre-Gould Hopper
polynomials by using series rearrangement techniques. Also, some summation formulae for that
polynomials are derived by using certain operational techniques and by using different analytical
means on its generating function. Further, many generating functions and summation formulae
for the polynomials related to Laguerre-Gould Hopper polynomials are obtained as applications
of main results. The approach presented in this paper is general and can be extended to establish
other properties of special polynomials.
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