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Abstract

In this paper, a mathematical model is proposed to study the impact of toxic metals on plant
growth dynamics due to transfer of the toxic metal in plant tissues. In the model, it is assumed
that the plant uptakes the metal from the soil through the roots and then it is transfered in the
plant tissues and cells by transport mechanisms. It is observed experimently that when toxic
(heavy) metals combines with the nutrient they form a complex compound due to which nutrient
loses its inherent properties and the natural charaterstics of the nutrient are damaged. It is noticed
that due to the presence of toxic (heavy) metal in the plant tissues and loss of inherent properties
of nutrient due to reaction with the toxic metal, the growth rate of the plant decreases. In order to
understand the impact on plant growth dynamics, we have studied two models: One model for a
plant growth with no toxic effect and the other model for plant growth with toxic effect. From
the analysis of the models the criteria for plant growth with and without toxic effects are derived.
The numerical simulation to support the analytical results is done using MathLab.

Keywords: Nutrient Concentration; Root and Shoot Biomass; Toxic Metal; Model; Equilibria
and Stability

AMS-MSC 2010 No.: 92B05, 92C80

1. Introduction

The soil is a source of nutrients for plant growth, but it also acts as a sink for contaminants from
industrial and agricultural waste materials [Basta et al. (2005); Bolan et al. (2003); Nwachukwu
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and Agbede (2009)]. Over the last few years, the level of heavy metals in the agricultural fields
are increasing as a consequence of increasing environmental pollution from industrial,
agricultural and municipal wastes. Plants take heavy metals from soils through different
reactions such as: absorption, ionic exchange, redox reactions, precipitation—dissolution, etc.
Heavy metals, through their action, disturb plant metabolism, affecting respiration,
photosynthesis, stomata opening and plant growth. Heavy metals such as lead, copper, zinc, in
high concentrations, are toxic to plants, preventing their proper development. Plants uptake
metals from soil through their roots and then transport within the plant and plant cells [Smical et
al. (2008)]. Plants accumulate heavy metals in their tissue and their high concentrations are toxic
to them. In an experiment with maize it has been shown that the presence of Aluminum
concentration in plant tissue has reduced the growth rate of the plant [Lindon and Barreiro
(1998)]. It is observed experimently that the heavy (toxic) metals (when they combine with
nutrients) form a complex compound thereby destroying the inherrent properties of the nutrinets
[Violante et al. (2010)].

Agricultural research almost completely rely upon experimental and empirical works, combined
with statistical analysis so very few mathematical modelling analysis has been carried out in this
direction [Leo et al. (1993); Verma et al. (2007); Gross (1990); Thornley (1976); Benjamin and
Hardwick (1986); Pugliese (1988); Somma et al. (1988); Ittersum et al. (2002); Dercole et al.
(2005); Ioslovich and Gautam (2005); Vance and Nevai (2007); DeAngelis and Gross (1992)].
Many of the models that have been used by agronomists and foresters to predict harvests and
schedule fertilization, irrigation and pesticide application are of empirical form. A major
limitation in all these approaches is the unpredictability of the environmental inputs [Gross
(1990)]. Thornley initiated some work related to the mathematical modelling of individual plant
growth processes in which the mathematical models were applied to a wide variety of topics in
plant physiology [Thornley (1976)]. In the paper of [Verma (2007)], a study was conducted
through mathematical models to understand the cadmium uptake by radish, carrot, spinach and
cabbage. In this paper a dynamic macroscopic numerical model for heavy metal transport and its
uptake by vegetables in the root zone is considered and analysed numerically. Some
mathematical models to study the effects of toxic metal on plant growth do now exist [Verma et
al. (2007); Gross (1990); Brune and Dietz (1985); Pishchik et al. (2002); Guala (2010); Thomas
et al. (2005); Misra and Kalra (2012); Misra and Kalra (2013)].

Inspired by the above, therefore in this paper, a mathematical model is proposed in this paper to

study the impact of toxic metals on plant growth dynamics due to the transfer of toxic metal in
plant tissues.

2. Mathematical Model

For the purpose of modelling, the plant is divided into root and shoot compartments in which the
state variables considered are nutrient concentration and biomass. In the model, it is assumed that
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the plant uptake the metal from the soil through the roots and then transfered it through the
plant tissues and cells by transport mechanisms. It is further assumed in the model that the root
and shoot biomass decrease due to damage of tissues and cells on account of the metal present in
the components of the plant. It is also assumed in the model that the nutrient concentration in the
root and shoot compartments decrease due to the formation of complex compounds with toxic
metal.

Model 1 (Model with no toxic effect)

In the formulation of model, the plant is divided into two compartments, viz., the root and shoot
compartments. The state variables associated with the each compartment are the root biomaas,

shoot biomass and nutrient concentration. W, and W, denote the root biomass and shoot biomass,

respectively. S, and S, denote the nutrient concentration in the root and shoot compartments
respectively. Thus, to study the plant growth dynamics, the following model is proposed.

ds
dtO =K, —r(SW. +D,y(S, = S,)— D, (S, —S,)—3,S,, (D)
as,
o uf,(1,C) = r(SOW, =D,y (S, = Sy) + Dy (S, = S,) = 5,5, )
dw OW?

L=p(S)H) W, - |, 3
7 (0)( f kroJ (3)
dw. OW?

S :r S W _ S S , 4
7 ( 1)[ g —kso J 4)

with the initial conditions as:
S0(0)> 09 S1(0)> O: VVV(O)> O: VV;(O) > 09

where, K, is the nutrient uptake by the plant root and considerd independent of the amount of
root-mycorrhizal surface and its uptake characterstics. 7(S,)W.and r(S,)W, represent the use of

the nutrient by the root and shoot compartments of the plant respectively (Thronley (1976) ). In
the present analysis we assume the following forms for function r(S,) and r(S,) [Thronley

(1976); DeAngelis and Gross (1992)]:
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S ,
r(S,) = ﬂmrﬂ,Kr—jSO, ¥'(S,)>0 for S, >0,
—Srl

S.e ,
r(S) = mmp 5 (80> 0 for §>0, and (5)

N

r(0)=0,

where, 7 is the utilization coefficient. m_and m_ are the proportion of total biomass allocated
to root and shoot biomass respectively, 1 and g are the resource-saturated rates of resource

uptake per unit of root and shoot biomass respectively, S is senescence constant, K, and K are
half saturation constants. In the absence of nutrient concentration the plant will not grow and
eventually will die out. u is the fraction of shoot in the form of leaf tissue. f,(/,C)) is the

specific gross photosynthetic rate (Thornley, 1976) given.

_ lﬂlycl efsp o

fg(17cl)_ ﬂ]+}/cl

; (6)

where, 7, is the maximum age of the shoot of plant. / is the specific leaf area of the whole plant.
I is the light flux density incident on the leaves in the shoot compartment, C, is the CO,
density and in plant. S, is the rate of senescence of the photosynthesis. f is the photochemical
efficency and y is the conductance to CO;. In plant growth, it is considered that during the initial
stage, i.e., during the lag phase, the rate of plant growth is slow. Rate of growth then increases
rapidly during the exponential phase. After some time the growth rate slowly decreases due to
limitation of nutrient. This phase constitutes the stationary phase. The terms

5!‘ WI‘2 55‘ Wﬁ‘z

and ()%

r0 s0

r(Sy)

are taken as the diminishing growth phase and stationary phase in the plant growth dynamics.
Where, k,, is the maximum root biomass, k,, is the maximum shoot biomass, 0, and o, are

nutrient limiting coefficients, D, (S, —S,) and D,,(S, —S,) represent the flux of nutrient from
shoot to root and root to shoot, respectively. D,, and D,, are transfer rates. 6,5, represents the

loss of nutreint due to leaching. 9.5\ represent the loss of nutrient due to shedding of leaves,
where, ¢ and J, are rate constants.

Model 2 (Model with toxic effect)
Now, we consider the effect of toxic metal on plant growth dynamics by assuming that the

growth of plant biomass is inhibitted and reduced due to the presence of the toxic metal in the
soil. Let C(¢) be the concentration of toxic metal in soil and 6.(¢) be the concentration of toxic

https://digitalcommons.pvamu.edu/aam/vol9/iss1/11
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metal in plant root. After incorporating the effect of toxic metal in Model 1, the resulting model
is given as follows:

ds, _

= Ky = r SO, 4 Dig(S1 = 50) = Dy (S, = 5) = 1500, = 5, (7)
ds,
=W (LC) = (SOW =Dy (S, = 5,)+ Day(Sy = S) = .50, = 8.5, (8)
aw. SW?
dt’ = r(So)(VVr - p ]_a3ﬂlWr’ 9)
r0
aw. SwW?
dts = r(Sl)(VVS _AJ -a,pW,, (10)
s0
i—fZQO—aC—upKC, (11)
e~ UpKC - 0.~ 0., (12)

with the initial conditions as:
$,(0)>0, §,(0)>0, W,(0)>0, W,(0)>0, C(0)>0, 6.(0)>0.

Here, ), is the constant input rate of toxic metal which is considered independent of the amount
of the root-mycorrhizal surface and its uptake characterstics. The term #oKC represents the
uptake of toxic metal by root from soil. where, x is the first order rate constant. p is the soil
bulk density. K is the linear absorption coefficient. The term f@,. represents the transfer of
toxic metal in the plant tissue (shoot tissue) and where £ is the transfer rate of the toxic metal in
the plant tissue. The terms «,; W, and a, B,W, represent the decrease in the growth of the plant

due to the presence of toxic metal in root and shoot, respectively; where, 5, and [, represent

the bioconcentration factors or bioavailability factors and are taken as follows [Nwachukwu and
Agbede (2009); Smical et al. (2008)]:

JOc

= ) 13
C LpKC (13)

The terms «,S,0. and «,S,0, represent the decrease in the nutrient concentration in the root and
shoot respectively due to the formation of complex compounds with toxic metal. «; and «, are
reaction rates of S, and S, with &,.respectively. % is the natural decay rate of 6. due to soil

Published by Digital Commons @PVAMU, 2014



Applications and Applied Mathematics: An International Journal (AAM), Vol. 9 [2014], Iss. 1, Art. 11
162 O.P. Misra and Preety Kalra

depletion on account of the natural process of leaching. « is the natural decay rate of Con
account of leaching and other natural process. Here, all the parameters K, , D,,, D,,, 9, 0,,

ILlr) /’ls’ 77: Kra Kg: S: 1-19 ua l’ I: Cl: ﬂ: 7/ Sp: kroa k30)5r: 537 ala a25 QO: ,ua ,0: ka a’
f, B, B, &, a, and h are taken as positive constants.
3. Boundedness and Dynamical Behavior

3.1. Analysis of Model 1

Now, we show that the solutions of the model given by (1) to (4) are bounded in a positive
orthant in R*, . The boundedness of the solutions is given by the following lemma.

Lemma 3.1.

All the solutions of model will lie in the region

B, ={(SO,Sl,I/Vr,W;)eR4+ :0<S,+8, < KN+ugg([’Cl),OSVK < ’;0 O<W < ?},
1 r s

as t — oo, for all positive initial values (S,(0),S,(0),.(0),W.(0)) € R}, where 6, =min (5,,5,).
Proof:
By adding equations (1) and (2), we get

d(S,+S))

p <Ky +uf,(1,C)—60,(S,+5),

where, 6, =min (6,,6,) and then by the usual comparison theorem we get, as ¢ — oo,

Ky +uf (1,C)

S +8, <
0 1 01

From equation (3), we get,

W <risym|1-22,
dt k

r0

S nmr/urVVr (1 - %j

r0

https://digitalcommons.pvamu.edu/aam/vol9/iss1/11
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Then, by the usual comparison theorem we get, as t — oo, :

b

VI/rs rO.
S,

Similarly from equation (4), we get

This completes the proof of lemma.

Now we show the existence of the interior equilibrium E° of Model 1. The system of equations
(1) - (4) has one feasible equilibria E*(SO*,SI*,W,*,WS*). The equilibrium E” of the system is
obtained by solving the following equations:

Ky =r(SOW, +Dy,(S; =Sg) =Dy (S, =S~ 6,8, =0, (14)
uf,(1,C))=r(S; W, = Dyy(S; = S5) + Dy (S, —S))— 6,5, =0, (15)
SW' —k, =0, (16)
SW. -k, =0. (17)

Thus, from the above set of equations we get the positive equilibrium £ = (SO*,SI*,W,*,WS*) ,

where
« k
—_ r0 , 18
w, r (18)
« k
W — 50 , 19
T (19)

and the positive value of S, and Sl* can be obtained by solving the following pair of equations:

k
F(S,,8) =Ky _r(So)é\;O"'Dlo(Sl =8)) =Dy (S, = 8,)-6,5, =0, (20)
krO ksO
F,(S,,8)=K, +ufg(1,C1)—l’(So) 5 -r(S)) 5 -0,5,-0,5,=0. (21)

r N

From equations (20) and (21), we have:
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1. F(S,,0)=0 implies f,,(S,)=0.1,,Sec +(m, k. +35.(,K,—K))S,—K.K, =0,

2. F(0,S,)=0 implies f,(S,)=K, +(D,,+D,)S, =0,

3. F,(S,,0)=0 implies £,,(S,)=05.6,S; +(mpm, w.k,,+3,(5,K, —m))S,—K,5.m=0,

4. F,(0,8,)=0 implies f,,(S,)=05,6,S] +(nm uk ,+05, (5,K, —m))S, —K.5.m=0,
where

[y, =D,,+D,+6, and m=K, +ufg(l,Cl).

The two equations (20) and (21) intersect each other in the positive phase plane satisfying
dS,/dS, >0, for equation (20) and dS,/dS, <0, for equation (21), showing the existence of the

unique interior equilibrium E”.
From equation (15) as 7, = o0:

¢ = (D +Dy)S;

) 22
: D,,+D,, + 0, 22)

Now, we discuss the dynamical behaviour of the interior equilibrium point E" of the model given
by (1)-(4) and for this local and global stability analysis have been carried out subsequently.

The characteristic equation associated with the variational matrix about equilibrium E”is given
by

(A+P)(A+P) (4 +(P,+P) A+RP,~P})=0, (23)
where

p M KW,

1 (K +S)2r + Dy, + Dy, + 0, P, =D\, + D,,
r 0
* —Srl * *
Ps = nmE?KYV;)ez +D10 +Dzo + 52: Bl = T’(SO)VV, >
s+ 1 r0
P, :M’ PP,—P’>0.

s0

https://digitalcommons.pvamu.edu/aam/vol9/iss1/11
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From the nature of the roots of the characteristic equation (23) we derive that the equilibrium
point E” is always locally asymptotically stable.

Now, we discuss the global stability of the interior equilibrium point E” of the system (1)-(4).
The non-linear stability of the interior positive equilibrium is determined by the following
theorem.

Therorem 3.2.

In addition to assumptions (5), let 7(S,) and 7(S,), satisfy in B,

0<r(S)<mm ., 0<r'(S)<nmmuK,,
0<r(S) <nmyu, O0<r(S)<nmuk, (24)

for some positive constants K, and K less than 1. Then, if the following inequalities hold

*

(Dy+ D)’ <| W p vpyvs || A b ipuvs, | @)
K, (1+nm, u,) K (1+nmpu,)

2
| 1+ K, 1
o krO Kr(]'+77mr/’lr)2

o AW v Dy, +6 S o, | (26)
Kr(1+77mrll’lr) krO
2
m | 1+ nmm K, 1
i ksO Ks(1+77ms/“ls)2
<o Y, 4Dy, + Dy + 3, 89, | 7)
K (1+nm ) k.,

E" is globally asymptotically stable with respect to solutions initiating in the interior of the
positive orthant.

Proof:

Since B, is an attracting region, and does not contain any invariant sets on the part of its
boundary which intersect in the interior of R, we restrict our attention to the interior of B,. We

consider a positive definite function about E”

Published by Digital Commons @PVAMU, 2014
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K(SO,SI,M,VV»:%(SO—SJ)Z+%(SI—S1*>2+[W,,—WZ—W,*M :VVJ

I

| W W, =W In Wl
W

N

Then, the derivatives along solutions, V1 is given by
Vl = (So o SO*)(KN - r(So)Wr +D10(S1 o So) _Dzo(So o Sl)_ 51S0)

(S, = 8w, (1,C) = F(SOW, = Dy (S, = Sy) + Dy (S, = 5,) = 5,5, )

e 1= s 1= 22 |12 P s 127
VV, krO Wq ksO

After some algebraic manipulations, this can be written as

V= (S, - S, WKy = (S, = (Dyy + Dy + )5,
(S, =St (1,CY=F(S W, —(Dyy + Doy +6,)S,)

L, - W,f‘>r<So*)[1 —%} W, - Wi)r(sl*{l— 5,;WS j

r0 s0

+(8,= 5, )8, = S)2Dyy + Dy) (8, =5, )W, —VK”["Q%) +§ (SO{V%&’—IH

r0

—(S,=8,)W, - WS){r(Sl) +&, (Sl)[?* —1ﬂ,

where
fl(SO) = {(F(SO) B r(S:O ))/(SO - So )7 So 7_'& S?;
r (So)a So = So,
and
§2(S1):{(F(Sl)_r(€l ))/(Sl _Sl )> SlfSi
r'(S)), S, =5,.

https://digitalcommons.pvamu.edu/aam/vol9/iss1/11
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Note from (24) and the mean value theorem that

nm, i,
K, (1+nm,p,)

nm
K. (1+nmu,)

2 S| 51 (SO) |S nmrlurKr and 2 S| 52 (Sl) |S nmslusKs .

We know that
Ky _”(So)Wr* —(Dyy+ Dy +6))S, = _(51 (SO)VVr* + Dy, + Dy, + 9, XSO _So*)a

ufg (1,C)=r(SOW, — (D)o + Dy +5,)S, = _(52 (S1)VVS* + Dy, + D,y +6, ksl - S1*):

N B NSOV ) P
(S, >[1 kroJ ( . J(W, W),
NN A T R O ) -
r(S, )(1 km) ( k. J(WS W)

Hence, Vl can be written as the sum of three quadratic forms,
Vi==A(Sy =Sy ), +(8, =8V ayy + (W, =W, ) ayy + (W, =W, ) ay,
+(So = S YW, =W, Yy = (Sy = 5, )(S, = 8, ), +(S, = SO, =W, )},
where

a, = (é:l(SO)VVr* + Dy + Dy + 51)’ ay = (égz(Sl)Ws* + Dy, + Dy +§2)’
Sr(S,) o.r(S)
a33:(k—oja a44=( A =,
r0 s0
wW.o
a,, =2(D,, + D,,), a; = {”(So)‘*‘f](so)( kr r _lﬂ,

ay, = {r(&ﬂ é(Sl)(”f;—gs—lH.

s0

By Sylvester’s criteria, we find that V1 is negative definite if
2
ap, < a,,dy,, (28)

a123 <2a,a,, (29)

Published by Digital Commons @PVAMU, 2014
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and
a224 <2aya,, (30)

hold. However, (25) implies (28), (26) implies (29) and (27) implies (30). Hence, V1 is negative
definite and so ¥, is a Liapunov function with respect to £, whose domain contains B, ,
proving the theorem.

The above theorem shows, the system settles down to a steady state solution provided
inequalities (25) to (27) hold.

3.2. Analysis of Model 2

Now, in the following we show that the solutions of model given by (7) to (12) are bounded in a
positive orthant in R°. . The boundedness of solutions is given by the following lemma.

Lemma 3.3.

All the solutions of model will lie in the region

=~

KN+MJ;(]’C1),OSWS]€’°,OSWS 0
6, s —

r N

B2 :{(SO,SI,W;,W;,C’QC)ER6+ :OSSO+S1 <

oscs&,osecs&QO},
a ah

as t— oo , for all positive initial values (S,(0),S,(0),.(0),W,.(0),C(0),8.(0)) € R®, where
9] = min (é‘] 952) .

Proof:
By adding equations (7) and (8), we get

d(S,+S
% <Ky +ufg(15C1)_01(S0 +5)),
where 6, =min (6,,0,) and then by the usual comparison theorem we get, as ¢ — oo :

Ky +”fg(]:C1)
6, '

Sy +8, <

From equation (9), we get

https://digitalcommons.pvamu.edu/aam/vol9/iss1/11
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W, < rism|1-22
dt k

r0

<mm.uW. [1 —%] .

r0

Then, by the usual comparison theorem we get, as t — o :

Similarly from equation (10), we get

W, < Ko .
N 5S

From equation (11), we get

dC
—<Q,-aC.
=9

Then, by the usual comparison theorem we get, as ¢t — oo

c<
o

From equation (12), we get,

dbc <,UPKQo_h9 .
dt  « ¢

Then, by the usual comparison theorem we get, as ¢t — oo

0 <LKQ0_
T ah

This complete the proof of the Lemma.

Now, we find the interior equilibrium E of Model 2. The system of equations (7) - (12) has one
feasible equilibria E (§0,L§1,Vi,WY,5, §C) . The equilibrium E of the system is obtained by
solving the following equations,

Published by Digital Commons @PVAMU, 2014
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Ky =r(S)W, + Dy (S, = 5,) = Dy (S, =)~ 5,0 6,5, =0, (31
uf, (1, C1)_r(*§1)VI~/s _D10(§1 _§0)+D20(§0 _§1)_a2§1§c _52§1 =0, (32)

<. oW
’”(So)[l —— J_U%ﬂl =0, (33)
krO
<[, S
V(Sl)[l _LJ_ a,p, =0, (34)
ksO
o —a&—,upKé =0, (35)
upKC — 10, —hé,. =0. (36)

Thus, from the above set of equations we get the positive equilibrium E= (§0, S.W.W 5 0, ),

where

i =l P | (37)
é‘r r(SO)

78 _koly B (38)
53 r(Sl)

C =L, (39)
o+ upK

5 _ upKC

0. =""— 40

T rih (40)

The positive value of §0 and §1 can be obtained by solving the following pair of equations:

k. Ba k
G (S,,S)=K, +-22% _ (8§ )24 D, (S —S,)—D,(S,—S,)
1 0 1 N 5r 0 5" 10 1 0 20 0 1 (4 1)

~a,8,0,-6,S,=0,

kB . koPro k, k, ;
GZ(SO’SI):KN+ufg(19Cl)+ 05: >+ ‘055 4—F(SO)?:)—V(S1)5‘—:)—0(1SOHC (42)
~a,8,0.-658,-6,5 =0.

From equations (41) and (42), we have
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1. G,(S,,0)=0 implies g,,(S,)=1S; +(m, p k,,+1,K, —1,)S, —K,I, =0,

2. G,(0,8))=0 implies g,,(S,)=0.K, +k,.,f,a; +(D,, + D,,)S, =0,

3. G,(S,,0)=0 implies g,,(S,) =1,S; +(gm. u. 6.k, +1,K, ~1,)S,—K, I, =0,

4. G,(0,S,)=0 implies g,,(S,) = LS} + (mm pu, 0.k, + (LK, ~1,)S,—K I, =0,
where

I, =6 (D, +Dy+6,+a,0,),,=0.K, +k B, I, =5 +a0,.)538,,

L, = (K, +uf,(1,C))3,8, +k, fia; +k fra, and [ = (5, +@,0,.)5,3, .

The two equations (41) and (42) intersect each other in the positive phase plane satisfying
dS,/dS, >0, for equation (41) and dS,/dS, <0, for equation (42), showing the existence of the

unique interior equilibrium £ .

From equation (32), as 7, = o0:

§ _ (DIO +Dzo)go
: D,,+D,, +a,0. +9,

(43)

Now, we discuss the dynamical behaviour of the interior equilibrium point £ of the model given
by (7)-(12) and for this local and global stability analysis have been carried out subsequently.

The characteristic equation associated with the variational matrix about equilibrium E is given
by

(/1+J7)(Z+J8)(/14 +a, X +a, +a3/1+a4)= 0, (44)
where

a=J+J,+J,+J,,

a,=JJ, —(Dyy+ D) +J,Jg+(J, +I,)J, +J)—r(S,)J5 —r(S,)Js,

a,=(JJ, —(Dyy + Dy, ) +J, +J,)J T +(J, + I)J, +T) = (ST (], + )
—r(S)J5(J, +J,),
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a, =(J,J, = (Dy, +D20)2)J4J6 +’”(§0)J3J2J6 —r(§1)JSJ1J4 _V(EO)J3F(§1)J5

and
~ N ~ —Sz‘l N
J, =Z’ZL‘I§")VZ’+D10+D20+51 +a,0., J,= nmEZSKS?S)ez + D,y +D,, +a,0. +0,,
r + 0 s + 1

J, = ﬂlaiWr , J, = 6,1 (S)W, ,
) bo

g - B, g, = GO,
r(S)) ko

J,=a+ upk, Jy=f+h

From the Routh-Hurwitz's criteria it is found that E is locally asymptotically stable if
a,>0,a,>0, a, >0, a, >0 and a,a,a,—a, a,—a; >0 .

Now, we discuss the global stability of the interior equilibrium point £ of the system (7)-(12).
The non-linear stability of the interior positive equilibrium state is determined by the following
theorem.

Therorem 3.4.

In addition to assumptions (5) , let 7(S,) and7(S,) satisfy in B,,
0<r(S,) <rm,p,, 0<r'(S,) <mm, 1, K,
0<r(S) <mmp, 0<r'(S) <mmpK,, (46)

for some positive constants K, and K_ less than 1. Then, if the following inequalities hold

[(Al -’_‘42)(1)10-’_1)20)]2 <£A1A2 nmi’/urVVV 2 +D10 +D20+a1§C +5l
9 K, (1+mm,p,)
nm ;
'(KS(H?]mSﬂS)Z +D,,+D,, +a,6, +52J, (47)

2
m 1 K 1
| A + Ay Potle=e 2
kr() Kr(l + nm)‘ﬂr)

< iAIA3 kW, >+ Dy + Dy + aﬁc +9, M , (48)
9 Kr(l+ nmr/’lr) kl‘()
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2
m 1 K 1
nmsﬂs A2+A4 77 Sﬂs = - 2
ko K (1+nm, )

4 nm u W, ~ r(S))8,
<§A2A{K (1+‘ Y +D10+D20+a29C+52][; , (49)
S(L+mm ) ki,
[ ~ 4 m W ~
A,0,0.¢, (C)]z < gAsA{K (’71 +;‘m ﬂ = Dy, + Dy, + 0,0, + 35, ](a + 1K), (50)
[ 1D Ty W
m ~
4,0, ,uplc( é/l(c)j| < §A5A4(K (771_:5;;11 L ) + Dy + Dy + 0,0, + 52}(“ + ,UPK)- (51)

E is globally asymptotically stable with respect to solutions intiating in the interior of the
positive orthant.

Proof:

Since B, is an atttracting region, and does not contain any invariant sets on the part of its

boundary which intersect in the interior of R’, we restrict our attention to the interior of B,.

We consider a positive definite function about E

S

Vz(SoaS1>W~aVK>C’0c):%Al(so _§0)2 +%A2(S1 _§1)2 +A3(VVr _VIN/r _ern VIN;J

N N

~ o~ W) 1 ~, 1 ~
+A4(WS—W —WanSJ+EA5(C—C)2+5(9C—49C)2,

s

where, 4.(i=1,2, 3, 4, 5) are arbitrary positive constants.
Then, the derivatives along the solutions, V2 is given by
V, = A4(S, - §o)(K1v —r(SOW, + Dy (S, = 85) = Dy (Sy = S)) =S¢ — 51S0)

+4,(S, _S)(u»/(‘g (1,C)=r(SOW, — D, (S, —Sp) + Dy (S, = S,) — 2, 8,6, _52S1)
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1= | s, oM a3&
VVr krO C
+A4 VVs VVS I’(Sl) 1- é;VVv -a, fec
VVS ksO /,lpKC

+ 4,(C—C)(Q, — aC — upkC)+ (0. — 0. )upkC — f0, —h0,.).

O.P. Misra and Preety Kalra

After some algebraic manipulations, this can be written as

V, = 4(S, - S)Ky = r(S,W. —(Dyy + Dy + 2,8 +5,)S, )
T+ A(S, —S1>(ufg (1,C)= (S, —(Dyy + Dy + .0 +5,)S))

NN A
+A3(Wr_VVr)_7’(So)[1_ k, J_%FC}
A, 7, =) (S| 120 | g SO

L ksO ﬂpKC

+4,(C - C)Q, - aC - upKC)+ (8, - 0. )(- f0. - h6,.)
+(S, _§O)(Sl _El)(Al + A,)(D,, +D,y)— A(S, _§o)(‘9c _gc)alSo
—A4,(S, = 8)(0. — 0.)a,S, (S, = S)W, W)

{Ar(S)+A§1(S)[V25 1)

r0

—(S, —51)(VV; —VK)|:A2}’(S1)+A4§2(SI)(VIIEQ _1]

s0

+0. -0 )(C—C’)upK
~(0. - 0.)W, - W)A — (W, -W,)(C-C)Aa,0.¢,(C)
_(gc - gc)(Wv - I/VS)A4 E

W) (C-C) A, L ),
HpK

where,

éfl(SO):{(V(So)_r(tgo))/(So—SO)’ S *S
r'(S,), S, —S
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£(S)= {(r(sl) ~r(SN/(5,-5)). 5#5/,
2 , *
: (S), S =85
and
1 1 ~
(C—éj/(C—C), C=+C,
£(C) !
ok c=C

Note from (46) and the mean value theorem that

nm, p,
K, (1+7m,u,)

T
K, (T+am, p,)

7S (So) < m, p. K, 7 <I&(S) < mm pu K, and

eI
o’ + upkK a

We know that
Ky =r(S)W, =(Dyy + Dy, +a1§c +0)S, = _(51 (S, + Dy, + Dy, +a1§c +0, kSo _§o)=

uf,(1,C") = (S W, — (D, + Dy, + 2,0, +5,)S,
= _(gz(Sl)st +Dlo +Dzo + azéc + 52)(S1 _Sl)a

i O (6.5 5
r(&)(l . J ( . J(VV, W),
o, S (8B
r(Sl)(l kj (—k J(Ws w,),

(Qy —aC — upKC) = ~(a + upK X C - C),
(= f0c =h0c) = ~(0c ~Oc)(h+ f).
Hence, ¥, can be written as the sum of three quadratic forms,

Vz = _{(So —§0)2a” +(S, _§1)Zazz + (W, _Wr)zaﬁ +(Ws _W.s-)za44
+(C_C)2a55 +(6, _gc)zass = (S =SS, = 8)ay, +(S, = SO, —6)ay
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(0. = O )YW, =W, )y + (O = 0) W, =W, )y +(C = CYW, =W, )a,;

176
+(S, = $)(Oc = b )ars + (S, = S)W, =W, )y,
+(S, - Sl)(VVs - Vf/s)am - (ec - ec )N(C - C)“56
+(C - é)(W; - Vf/.s-)a45} 5
where

a, = Al(‘§1 (S, + Dy, + Dy + algC +0, )a ay =4, (982(51)142 + Dy + Dy +a2§C + 52)=

a33 :A3 M . a44 :A4 é‘sr(“s'l)j,
kro kSO
a55=A5(a+,upK), des =h+ f,
W,
ay, = (4, + 4,)(Dy + D), {AH’(SO) + A&, (So)[ k’ —lj}
r0
W,
A = AlalSoa |:A21"(Sl) + A4§2(Sl)[ k\ : —lj}
s0
ays = 4,08, a. =4.%
L 36 ek
a, =A,—+, -
* ) C ays = 4,2,0.6,(C),
=A S C = upK
Ays = A0y ¢, (0), asg = HpK.
HpK

By Sylvester’s criteria we find that V2 is negative definite if

a2 <—a,,a a2 <—a,a a2 <iaa a2 <ia a
12 11722 13 11%%33» 16 1166 26 22%66°
9 9 15 15

2 2
a,, <—a,a a,. <—a..a
24 224445 36 33466
9 15

2 4 2 <f
;s 961336155, Qys 96144“55,

2 2
Ay < Ea44a66’ Asg < — As50gq,

(52)

. e . . 4 4
hold. We note that inequalities in Equation (51), 1e., af()<l—allaﬁ6 , a3 <—a,ay ,

15

15

4 4
2 2 2 . . .
Ay < — 03306, Ay < Ea44a66 and a;, < Gaﬁa66 are satisfied due to arbitrary choice of 4, , 4,,

A4,, A, and A, respectively, and above conditions reduces to the following conditions:

2
aj, < ganazzs

2
a; < 5“11“33’
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4
2
Ay < —Axdy, (55)
9
4
2
a3s < —d3dss, (56)
9
4
g < 5“44‘155' 57)

However, (47) implies (53), (48) implies (54), (49) implies (55), (50) implies (56) and (51)
implies (57). Hence, V2 is negative definite and so ¥, is a Liapunov function with respect to E,
whose domain contains B, , proving the theorem.

The above theorem shows, the system settles down to a steady state solution provided
inequalities (47) to (51) hold.

4. Numerical Example
For the model 1, consider the following values of parameters-

K,=10, K,=1, K, =1, u=15 u=12,
n=4, m=01 m =01 D,=3, D,=5,
$=001, 7,=90, k,=20, k,=20, u=025,
[=30, B=01, y=1, C,=0374, I=5,
S,=0.014, 5=12, & =14, &=01, &=02

For the above set of parametric values, we obtain the following values of interior equilibrium E"
Sy =492, 8 =456, W =16.67, W =14.29,

which is asymptotically stable (see Figure 1).

Further, to illustrate the global stability of interior equilibrium E° of model 1 graphically,

numerical simulation is performed for different initial conditions (see Table 1 and 2) and results
are shown in Figures 2 and 3 for S, —W. phase plane and S, —W, phase plane respectively. All

the trajectories are starting from different initial conditions and reach to interior equilibrium E”.

Table 1. Different initial conditions for So and W of Model 1
S,(0) 0.1 12 25 8
w.(0) 2 0.1 25 30
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Table 2. Different initial conditions for S; and W, of Model 1

S

S,(0) 0.1 4 25 10
W (0) 5 0.1 25 30

For the Model 2, with above set of parametric values and with the additional values of
parameters given by

o =18 a,=2, wu=1, p=25h=25,
K=0.75 f=08 0,=12, a=1, «a,=0.1,
a,=0.1,

we obtain the following values of interior equilibrium £ as
S, =095, 8 =058, w =12.61, W, =1043 , C=4.17, 50 =2.37.

For these set of parametric values, the stability conditions given in Equations (47)-(51) are
satisfied. Hence, E is asymptotically stable (see Figure 4).

Further, to illustrate the global stability of interior equilibrium E of model 2 graphically,
numerical simulation is performed for different initial conditions (see Table 3 and 4) and results

are shown in Figures 5 and 6 for S, —W, phase plane and S, —W, phase plane respectively. All

the trajectories are starting from different initial conditions and reach to interior equilibrium E .

Table 3. Different initial conditions for SO and W of Model 2
S,(0) 0.1 2 2 0.6

w.(0) 6 0.1 16 20

Table 4. Different initial conditions for S; and W, of model 2
S,(0) 0.1 1 1.3 0.2
W_(0) 6 0.1 14 16

Tolerance indices (T.I.) are determined through the use of following formula [Kabir et al.
(2008)]:
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Mean root massin presence of toxicant

T.I.(root)= 100

Mean root massin absence of toxicant

Mean shoot mass in presence of toxicant

T.1.(shoot) = 100

Mean shoot massin absence of toxicant

Table 5. Tolerance indices of root mass and shoot mass at different toxic input rate

when f= 0.8
S.No. Qo W; Wi TI(Wp)% | T.I(Ws)%

1 0 16.6667 14.2857 100 100

2 1 14.1207 12.3998 84.76 86.79
3 5 13.4270 11.6459 80.56 81.52
4 10 12.8228 10.7818 76.93 75.47
5 15 12.3166 9.9020 73.89 69.31
6 20 11.8603 8.9253 71.15 62.48
7 25 11.4345 7.8006 68.60 54.60
8 30 11.0295 6.4758 66.17 45.30
9 35 10.6385 5.0461 63.82 35.32
10 40 10.2569 3.7212 61.49 26.05
11 45 9.8819 2.6627 59.27 18.64
12 50 9.5123 1.8989 57.07 13.29
13 60 8.7856 1.0211 52.71 7.15

14 70 8.0691 0.6121 48.41 4.28

15 100 5.8564 0.2245 35.13 1.57

Table 6. Bioavailability factors or bioconcentration factors /3, and /3, at different value of f°

when Q, =15
F W, Wi C ec Bl BZ
0.1 10.72 13.44 5.22 3.76 0.72 0.04
0.2 11.00 12.72 5.22 3.62 0.69 0.07
0.3 11.27 12.09 5.22 3.49 0.67 0.11
0.4 11.51 11.53 5.22 3.37 0.65 0.14
0.5 11.74 11.05 5.22 3.26 0.63 0.17
0.6 11.94 10.62 5.22 3.15 0.60 0.19
0.7 12.14 10.23 5.22 3.05 0.59 0.22
0.8 12.31 09.89 5.22 2.96 0.57 0.24
0.9 12.48 09.58 5.22 2.87 0.55 0.26
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5. Conclusion

From Figures 7(a) and 7(b), is observed that the equilibrium levels of nutrient concentrations in
each compartmentwith no toxic effect are more than that of the equilibrium levels of nutrient
concentrations in respective compartments when toxiceffect is considered. Further, from
Figures8(a) and 8(b), it is observed that the equilibrium levels of root biomass and shoot
biomasswith no toxic effect are more than those of the root biomass and shoot biomass when

toxic effect isbeing considered. From the non-trivial positive equilibrium E (Table 5), it is
concluded that theroot biomass and shoot biomass decrease as the input rateof toxic metal O,

increases and this phenomena will continue till Q, reaches O, =60 because upto this value of

0,, the stability criteria continue to hold. From table 6, it is observed that as the transfer rate of

toxic metal from root to shoot increases, toxicant concentration factor in root tissues decreases
and consequentely root biomass increases. On the contrary, toxicant concentration factor in shoot
tissues increases as the transfer rate increases causing a decline of the shoot biomass. Figures 9(a)
and 9(b) represent the dynamical behaviour of the nutrient concentration of root and shoot with

respect to @.. From these figures, it is observed that nutrient concentration in root and shoot
decrease as the level of the toxic metal concentration in root increases.
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Figure 1. Trajectories of the Model 1 with respect to time (with no toxic effect) showing
the stability behaviour

25

Figure2. Phase plane graph for nutrient concentration in root S, and root biomass W, at

different initial conditions given in Table 1 for Model 1 (with no toxic effect)
showing the global stability behaviour.
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Figure 3. Phase plane graph for nutrient concentration in shoot S; and shoot biomass W,
at different initial conditions given in Table 1 for Model 1 (with no toxic effect)
showing the global stability behaviour.
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Figure 4. Trajectories of the model 2 with respect to time (with toxic effect) showing the
stability behaviour.
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Figure 5. Phase plane graph for nutrient concentration in root Sy and root biomass W, at

different initial conditions given in Table 3 for Model 2 (with toxic effect)
showing the global stability behavior.
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Figure 6. Phase plane graph for nutrient concentration in shoot S; and shoot biomass W,
at different initial conditions given in Table 4 for Model 2 (with toxic effect)
showing the global stability behaviour.
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Figure 7(a). Graph between nutrient concentration of root S, and time t for Model 1
(with no toxic effect) and for Model 2 (with toxic effect)
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Figure 7(b). Graph between nutrient concentration in shoot S; and time t for Model 1
(with no toxic effect) and for Model 2 (with toxic effect)
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Figure 8(a). Graph between root biomass W, and time t for Model 1 (with no toxic
effect) and for Model 2 (with toxic effect)
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Figure 8(b). Graph between shoot biomass W, and time t for Model 1(with no toxic
effect) and for Model 2 (with toxic effect).

2.8

26+ B

24+ B

22 B

0c(t)
|

I —
1.4+ T B

I I I I I I I
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

S0

Figure 9(a). Phase Plane Graph of nutrient concentration in root Sy and 6 for Model 2
when 0y = 12.
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Figure 9(b). Phase Plane Graph of nutrient concentration in shoot S; and ¢ for Model
2 when Q= 12.
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