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Abstract

Cardio-vascular events are among the world’s leading causes of morbidity and mortality. Most
postulates suppose that culinary delights can be implicated in incidences of cardio-vascular
diseases. This school of thought holds well in many respects. Much as the truistic value of the
said school is acknowledged, we conceived of physiological disposition as an endogenous
dominant factor in the events being considered, whereas culinary measures constitute an
exogenous contributory factor. In this work we aimed at studying the effects of distance (stature)
on pulse waveforms. Certain elements of our study showed that pulse wavelength was dominant
in prescribing cardio-vascular physiology.

Keywo rds: Mathematical analysis; soliton; left ventricle; hemodynamics; pulse amplification;
physiology

AMS-MSC 2010 No.: 93A30, 74F10

1. Introduction

The world is riddled with nauseating pathologies with attendant tolls on human life. The quality
of life derives from sound and delectable health. Unfortunately, the deleteriousness of diseases
brings much to bear on the wellbeing of animated life, especially of humans. The World Health
Organization’s (2004) release of the leading causes of human mortality showed that
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cardiovascular diseases are ranked first in frequency (with 29.34 per 100 deaths). Cardiovascular
diseases affect the heart and the blood vessels. In assessing the quality of life, experts agree that
auxology, the study of stature, is one of the key factors in determining overall health. It was
opined by Samaras and Elrick (2002) that tallness is associated with cardiovascular wellbeing.
Shortness was said to have the conflict of being associated with longevity and with associated
diseases. In this work, pulse waveform was studied in relation to distance with the aim of
determining its effect on cardiovascular physiology. Our spatial domain is the arterial length
occupied by the pulse wave, which is apparently dependent on the stature of an individual
subject.

In a study on cardiovascular system, hemodynamics is of essential. Hemodynamics as proposed
by McDonald (1974) is defined as the physical study of flowing blood (fluid) and the entire solid
structures (arteries) through which it flows. Thus, fluid-structure interaction (FSI) maintains the
integrity of arterial flow. The germ of hemodynamics, however, is the dynamics of the heart’s
left ventricle (L'V), which ejects blood into the aorta during the systolic phase. Pulse is created in
the event of aortic effusion into the arterial network. In essence, PW is a component of
cardiovascular system. Many literatures such as Crepeau and Sorine (2005), Laleg et al. (2007),
Fu and IL" Ichev (2010) and Duan et al. (1997) agree that the Korteweg de-Vries (KdV) equation
holds well for arterial pulse waves. In Crepeau and Sorine (2005), the goal was to interpret pulse
wave characteristics and to provide basis for the estimations from non-invasive measurements.
Laleg et al. (2007) decomposed pressure into a travelling wave which is evident during systolic
phase and a windkessel flow during the diastolic phase. Many important physiological interests
are the associated pulse wave (PW). O’Rourke and Pauca (2001) showed that pulse wave
analysis (PWA) is a choice descriptor of physiological states. Wei et al. (1989) used it in
explaining the resonance of the organs with the heart. Yu-Cheng et al. (2004) studied the
harmonic stability of the arterial pulse.

An aspect of physiological interest that may not have received adequate attention is the
morphological dependence of waveforms on the distance occupied by solitary waves. Neither the
literatures we have presented here nor any other work, as much as we know at present, dealt with
the mathematical theory of pulse wave morphology in spatial domain, especially in relation to
human stature. This work supplies the omission.

In Section 2.0 some vital elements of FSI are treated. The equation relating pressure to shear
modulus is derived. Section 3.0 discusses the emergence of arterial pulse waves in the event of
left ventricular ejection. Korteweg de-Vries (KdV) equation, which holds well for arterial pulse
waves, was derived. Consequently, two soliton-solutions (2SS), which are characteristic of the
KdV equation, were obtained. They are enough to describe the ‘peaking’ and ‘steepening’ wave
phenomena. In section 4.0, a physiological analysis of the resulting pressure waveforms was
made. In section 5.0, some conclusions were drawn based on the analysis.

2. Equations of Fluid-Structure Interaction
Here we consider the flow inside deformable domains (arteries) and the resulting motion of the

domains. Figure 2.1 shows the nondeformed arterial configuration. Define the arterial reference
domain £2) by (Suncica et al. (2005)),
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Figure 2.1. Reference domain

and define the lateral boundary by

2={x=(R (2) cos 6, R(z) sinb, z) eR: 0<(0, 27), z&(0, L)}, (2.2)

where R and r are the tube’s outer and inner radii respectively, L the tube’s length, £ =R/L,7n*
the radial displacement from the reference state; Suppose the flow in £24¢) is fully developed and
axisymmetric, with no angular velocity. The following, describing equations of flow in Eulerian
formulation, apply:

£ £ & 2.¢ 2.¢ ¢ ¢ o
p{ﬁv, e ove e ove }_ﬂ(@ vy +8 vy +18v_,,_v_r}+5p 0, (2.3)

ot o %oz or? ozt v or 2 or
o & F: & i & 62 & aZ & o & &

P Vr +v?¢ Yz +ve LRy sz + sz L +8L:0. (2.4)
ot or 0z or Oz r or Oz

The continuity equation representing the incompressibility condition, div v = 0 is
ove ovi vl
—L+—=+

- =0, 2.5
or 0z r 25)

where v,, v. are the radial and longitudinal components of the fluid respectively, u the viscosity
of the fluid, p the pressure and p the density. The evolution of the response of the lateral
boundary to the fluid flow is described by the Navier’s equations given by (Quarteroni et al.
(2000)):

o2y Eh (oov, 0% .
h—= = ——L 4+~ 24y iInX2x(0,L), 2.6

where, / is the arterial wall thickness, £ is the Young modulus of elasticity, R is the arterial

reference radius at rest, p, is the arterial volumetric mass, o is the Poisson ratio, y is the term

due to the external forces, including the stress from the fluid. It is noteworthy that this model is
based on a Lagrangian description of the motion of the elastic wall, referred to a material domain
£2(0), corresponding to the rest state, where v, = v, = 0.
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The cylinder, together with its boundary, deforms as a result of the fluid-wall interaction between
the fluid occupying the domain and the cylinder’s boundary, as shown in Figure 2.2.

Figure 2.2. Wall displacement

We assume that the lateral wall allows only radial displacements: 2(f) = {r = R +5°(z, 1)} x(0,
L). Thus, the radial contact force given by Suncica et al. (2005) in the form is

— h(e)E(e) i° on’ o'’
F :?FM@)G@)K(&) Pl U bt

2.7)

where E(¢) is the Young’s modulus of elasticity, 4(¢) is the wall thickness, x is the Timoshenko
shear correction factor (see Reisman (1988)), G is the shear modulus and o is the Poisson ratio.
(If the material is incompressible, then o = 0.5). In equation (2.7), the right-hand members are
described as follows: the first term is the elastic response function, the second term is related to
the radial pre-stress state of the vessel and the third term is the inertia term that is proportional to
the radial acceleration of the vessel wall. The fluid velocity at the deformed interface (R+#, z, f)
must be equal to the Lagrangean velocity of the membrane. Since only the radial displacements
are non-zero we have

on°

vE(R+n%,z,t)=
- (R+n°,z2,1) Py

(z,t) on (0, L) xR, (2.8)

&£

V(R +1° 20) = 5{; —0 on (0, L) x R . (2.9)

The continuity of velocity along the longitudinal displacement from the reference state S° is
oS¢
ot
component of the stress exerted by the fluid to the membrane. Thus,

assumed zero, and thus = 0. The radial contact force is equal to the radial displacement

o= pe) 1 - 20D O], = (o — p 1202 2.10)

¥

where p,.r1s the pressure at the reference domain, n is the unit normal at the deformed structure,
D (v°) is the deviatoric part of an axially symmetric vector/tensor-valued function v¢ =vie, +vie,
given by
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The cylinder’s initial condition, when filled with fluid, under reference pressure p,.ris such that

o _go_0n° _08°
ot ot

=0,and v'=0on X.x {0}.

(2.11)

The integrity of flow is the temporal dynamic pressure prescribed at both ends of the cylinder.
We, therefore, apply the following boundary (inlet/outlet) conditions as given in Suncica et al.

(2005):
£N\2
=0, pr 2L g, 000 NE=0)R., 2.12)
£32
vi =0, pg+%=pL(t)+pmf on (0Q2:N{z=L})xR,, (2.13)
a§g=ng=0forz=0, S°=5f=0forz =L and vieR., (2.14)
zZ

where the pressure drop is assumed to be A(f) = p.(f) — po(t) € C; (0,+00).

We summarize the fluid-structure interaction problem as follows:

Equations (2.3), (2.4), (2.5)in Q, ,

Equations (2.8), (2.9)on2.x R,

Equation (2.10)on 2. x R, (2.15)
Equations (2.12), (2.13) on (02N {z=0,L} x R+,

Equation (2.14) forz=0, L Vte R .

The intricacies of the solution of equation (2.15) were overcome by Suncica and Andro (2006)

by method

of asymptotic expansion about the parameter ¢ embedded in a careful solution

procedure. We have paid special attention to the pressure content of the problem, which relates
to the shear modulus. This was rigorously derived as

2

p(z,t)=

E o
RZ(I_OUZ)U—GO 6227+0(52). (2.16)
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The shear modulus is required mainly in the determination of the wave speeds; it also describes
the response to the shear wave. When shear waves are considered, shear modulus is of great
importance. Here, the assumption of negligible shear modulus and material incompressibility
implies that Gy = 0 and o = 0.5 respectively. Hence,

p_4E077=4E0{1_ A(O)+O(gj} (2.17)

“3r2 T 3R A R

where A4(0) is the cross-sectional area at x corresponding to zero pressure.

3. Equations of Pressure Waves

In the preceding section, the governing equations of FSI were presented. The integrity of
pressure waves is the arterial pressure. Equation (2.17) is the expression of pressure that is
required to drive pulse waves in an arterial segment. Such waves are presented in this section.

Assume an elastic artery and incompressible fluid flow. The governing Navier-Stokes equations
as presented by Crepeau and Sorine (2006) are

AT+ QZZO, (31)

2
QT+[Q7J+§PZ+1/%=O , (3.2)

where 4 (T, Z) = 7R’ (T, Z) is the cross-sectional area of the vessel, Q (7, Z) is the blood flow
volume, P (T, Z) is the blood pressure, with 7 and Z being temporal and spatial dimensions
respectively, pis the blood density, v is a coefficient of the blood viscosity and the quantities Az,
Pz and Qzare gradients associated with their respective subscripts. Yomosa (1987) described the
motion of the arterial wall by

puh,R

h
4 UATTz(P_Pe)_RU Og» (3'3)

0 o

where g, is the wall density, P, is the pressure outside the tube, /4, is the mean thickness of the
wall, R, is the mean radius and o; is the extending stress in the tangential direction. Since the
wall is elastic, the local compliance of the vessel is such that

E(4-4
g B4

== (3.4)

o

where Ay is the arterial cross-sectional area at rest, and £ is the coefficient of elasticity. The non-
dimensional representations of equations (3.1)-(3.4) are

a;+q.=0, (3.5)
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q’ q
q +[—J +(+a)p. =—p——, (3.6)
l+a . 1+a
a(‘;jan +a =D, (37)
where (p = VA ), A is the typical wavelength of the wave propagated in the tube and ¢, the

0o
Moens-Korteweg sound wave velocity in the fluid-filled tube.

When equations (3.5), (3.6) and (3.7) are expressed as an asymptotic expansion at the second
order of ¢, and noting that the coefficients of series must vanish, we have the following KdV

equation:
Py +d, P} +d,P'P] +d,Plrr =0 (3.8)
: - —ph,R
with d, = a, =31 4 —ZPuloRo
P 2 A,c? 2pc?

Let P’= P,be a soliton solution, then we put equation (3.8) in the form

oP, oP, d°P,
= +(d, +d,P, )E+d2 P 0. (3.9)
d
With the following transformation: I" = ¢t — d,z, ¢ = d>z andu = — P, we get
2
uﬂ'*‘6uur+urrr=0. (310)

The two soliton solution (2SS) of equation (3.10) is (see Hereman and Zhuang (1994)):

2 2\ &’ cosechzﬁ+k22 sech? 72
1k, 2 2
u(x,t)= 5

. 2|, (3.11)
[kl cothﬁ—k2 tanh}/zj
2 2

where 7, = 2,x— 2t +p,; [3,being an arbitrary constant (i = 1,2), k is the wave number.

4. Physiological Analysis

Waves furnish a wealth of information about the matter in which they propagate. A model of
arterial wave propagation widens our knowledge of the cardiovascular system and provides a
clue to the diagnosis of pathological conditions. It, therefore, helps in the prediction of the
outcome of medical interventions. The solution of the wave problem given by equation (3.11)
describes the ‘peaking’ and ‘steepening’ phenomena that are typical of solitary waves. Such
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pulse waves propagated through the arterial bed are an estimator of the systolic phase of blood
pressure. A usual phenomenon in wave motion is reflection. Waves are reflected at various
arterial sites which may include points of bifurcation, areas of changes in arterial geometry,
peripheral and terminal regions. However, it is customary to integrate multiple reflected waves as
a single wave. The sum of the reflected waves and the forward ejected wave forms the final
profile of the pressure pulse wave. The issue that is of clinical importance is the return of the
reflected waves. This brings to concern the implication of proximity or otherwise of an organ to
the heart. In this work the behavior of pulse wave was studied in relation to the distance
travelled. In doing this, distance was varied at a fixed time mark. The understanding of the
waveform at various distances occupied by the wave would provide a clue to its relationship with
arterial length (or height) so that a physiological condition may be analyzed.

4.1. Distance Effects

The waveforms of equation (3.11) at various distances are shown in the graphs of Figure 4. The
graphs (A-F) represent six 2SS at various distances. They reveal distance effects on solitons.
Each successive increase in distance caused the shorter wave to plummet, as seen in Graphs A-F
(Figure 4.2). In graph F the shorter wave was almost encapsulated by the taller one. There is
successive diminishing of the wavelength.

1=0.0
§=-5.0.05: 5

1=0.05
t=0.05 ¥=-40:0.05:40
10 ¥=-10:0.05:10 10
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Figure 4. 2-Soliton Solutions at various distances

Consider the frequency domain in which Berger et al. (1994) and Mohammad et al. (2007) gave
the ratio of the large mammalian artery’s wavelength to the artery’s length as

2

A jo B jo =/ pC'
L HRLjoC(joL' +R) 0 HR.L
HR.L |joC' ijJr—# ’ (41)
w 7Z7'4

with ¢'and R' being the respective arterial compliance and resistance per unit length, HR the
heart rate and @ the fundamental frequency. The fundamental frequency of the arterial system
has a physiological relationship with the HR. This frequency w defines the periodicity of the
ejecting source (HR). Equation (4.1) attests to the position of Mohammad et al. (2007)) that
pulse wavelengths become long relative to the lengths of vessels when the heart rate is low,
vessel compliances are low, or vessel radii are extremely large. We observe as well that changes
in r, HR and ¢’ may increase the wavelength. Pulse wavelength increases with decreased
frequency and compliance. We deduce from Figure 4 (graphs A-F) that there is a progressive
thinning of the wavelengths. The thinning of the wavelength as observed at infinite length is in
line with Avilio et al. (2009), who proposed that pulse wave amplification is more pronounced
with increased length. This suggests that compliance is akin to distance.

The extent to which reflected wave travels before the arrival of an oncoming wave is related to
the cardiac function. It is, however, physiologically unsound to conjecture a reflection that would
get to the root of propagation (i.e., the heart) in the event of sustained or obstructed LV ejection.
Low pulse wave amplification is associated with early return of reflected waves.

Our analysis suggests the following:
(a) Pulse pressure and heart rate are essentially distance (stature)-related; within physiological

cardio-vascular state, tall persons are more likely to have lower pulse pressure and lower
heart rate than short persons.
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(b) Short statures are likely to experience more shortened return time of reflected waves, and
thus lower pulse amplification, than tall statures. (Shortened return time of reflected waves
to the aorta in early systole, even at physiological wave velocity, may burden the left
ventricle with importunate requests for more pulsatile effort.)

(c) At an infinitely long distance pulse wavelength gets thinner. This is in line with the
transmission theory, as contained in Berger et al. (1994), which supposes finite wavelength.

5. Summary and Conclusion

Arterial pulse wave is a phenomenon of choice in prescribing physiological states. In particular,
Yu-Cheng et al. (2004) contended that waveforms are a key factor in explaining the overall
pathologies and prognosis. This work considered pulse waveforms in the light of stature, with the
view of gaining an insight into its influence on cardiovascular events. The integrity of the blood
flow is the FSI. We presented the FSI in mathematical terms. In pursuance of the essence of this
work, the distance effects of the 2SS obtained from the wave problem were analyzed. It was seen
that pulse wavelength is phenomenal in describing some cardiovascular parameters such as HR
and arterial compliance. The decrease in pulse wavelength, as seen in increased distance, is a
mark of arterial compliance and physiological HR.

HR, compliance and pulse amplification are modulators of cardiovascular state. Subsisting long
pulse wavelength, which keeps pulse amplification wanting, resides in short arterial distance. As
earlier remarked (in section 4.0), long pulse wavelength is a mark of stifled physiological HR
and/or arterial compliance.

We are inclined to conclude that short arterial length, marked by short stature at maturity, can be
a cardiovascular liability.
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